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SUMMARY
Accurate three-dimensional stress-strain constitutive properties are essential to
understanding complex deformation and failure mechanisms for materials with highly
anisotropic mechanical properties. The large number of different methods and speci-
men types currently required to generate three-dimensional allowables for structural
design slow down the material characterization. Also, some of the material constitu-
tive properties are never measured due to prohibitive cost of the specimens needed.
A method for measurement of three-dimensional constitutive properties using short-
beam specimens subject to three-point bend load has been recently developed [39,40].
This method is based on the Digital Image Correlation (DIC) full-field deformation
measurement and closed-form stress approximation. The purpose of this work is to
improve the accuracy of the constitutive properties through accurate stress solution.
A method is developed based on a combination of full-field strain measurement and
nonlinear finite element stress analysis in the material characterization. The non-
linear shear stress-strain relations are the major concern in this work. An iterative
procedure is applied to update the nonlinear shear properties using iterative finite
element simulations. The accuracy of the numerical procedure is verified by compar-
ing the finite element strain results with full-field measurements. The procedure is
further verified using the V-notched beam test results. Excellent agreement has been
achieved in the verification. Simplicity of the short-beam specimens and accuracy
of the constitutive property approximations make the present method attractive for






Analysis of mechanical behavior of materials and structures requires knowledge of
material stress-strain constitutive properties. Growing acceptance of composite ma-
terials with highly-anisotropic mechanical properties for structural applications, and
rapid development of large number of materials including glass and carbon-reinforced
polymer-matrix composites, left accurate characterization of their constitutive prop-
erties behind. Structural analysis of composites requires accurate assessment of their
three-dimensional stress and deformation states to understand complex failure mech-
anisms. Moreover, accurate through-the-thickness constitutive properties are espe-
cially important for structural analysis of thick composites. Examples of thick com-
posite applications include rotor blade spar and blade-to-hub attachment structural
details of rotary wing aircraft [25]. Glass/epoxy and carbon/epoxy tape materials are
oftentimes used for manufacturing such structures.
Polymer-matrix composites exhibit nonlinear stress-strain behavior. In particular,
the shear stress-strain relations are nonlinear for relatively low shear strains and the
degree of nonlinearity varies from composite to composite. Figure 1.1 shows a typi-
cal interlaminar shear stress-strain response for a unidirectional S2-glass/E773-epoxy
prepreg tape, measured by the test method presented in Chapter 3. Deviation from
linearity may be observed in transverse loadings; however, the degree of nonlinearity
is not comparable to that in the shear behavior [30, 35]. Moreover, the effect of the
nonlinear matrix material on the longitudinal modulus E1 and Poisson’s ratio ν12



































Figure 1.1: Interlaminar shear stress-strain response for a unidirectional S2-
glass/E773-epoxy prepreg tape.
fibers and matrix materials [34].
Measuring shear properties is one of the difficult tasks in the characterization
of composite materials [5]. Many shear test methods for composite materials have
been developed. The five most popular current shear tests include the V-notched
beam test, ASTM D 5379 [8]; the two- and three-rail shear tests, ASTM D 4255 [12];
the [±45◦]ns tension test, ASTM D 3518 [13]; and the short-beam shear (SBS) test,
ASTM D 2344 [11]. The ideal shear test method should provide a region of pure
and uniform shear. None of the existing shear test methods completely satisfies this
criterion. Furthermore, due to the anisotropic nature of composite materials and
their nonlinear response in shear, experimental results obtained using these different
methods are oftentimes inconsistent. Thus, the question remains as to which method
is the most reliable [4, 66].
Standard techniques for assessment of stress-strain constitutive relations for ma-
terials are based on resistance strain gage measurements. As a strain gage measures
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a “point” strain averaged through the gage area, such measurement imposes con-
straints on the test specimen designs. For example, strain gage measurements in the
V-notched beam method drive high specimen cost: at least 19 mm (0.75 inches) thick
laminate is required to machine specimens for strain gage placement; and tight ge-
ometry tolerances are imposed to minimize variations of strain at the gage location.
Also, a large number of different test specimen types used for assessment of consti-
tutive properties, including tensile, compressive, and shear stress-strain curves in the
principal material planes [57], slow down the 3D material characterization process
and increase cost of test materials.
Full-field strain measurement techniques enable additional flexibility for assess-
ment of stress-strain relations, compared to conventional strain gages. High gradient
strain distributions can be evaluated. Such flexibility could enable simpler test speci-
men design and reduce the number of different specimen types required for assessment
of 3D stress-strain constitutive behavior. One such technique, Digital Image Corre-
lation (DIC) [1, 55], is used in this work for full-field strain assessment of the SBS
specimens.
The SBS specimens are simple to manufacture. The specimens are small, using
a minimal amount of materials. In the SBS test, a specimen with a low span-to-
thickness ratio (typically a ratio of 4 or 5) is subjected to three-point bending. Both
axial bending and through-the-thickness shear stresses are induced. Based on the clas-
sical (mechanics of materials) beam theory assumptions, the axial bending stresses
are compressive on the surface of the beam where the load is applied, and tensile on
the opposite surface, varying linearity thorough the beam thickness if the longitudi-
nal material response is linear; the shear stress varies parabolically from zero on each
surface of the beam and reaches maximum in the neutral plane. However, due to
the low span-to-thickness ratio, the concentrated loadings on the beam at the loading


















Figure 1.2: Geometry and stress distributions of the SBS specimens.
beam, complicating the stress state. As a result, the assumption of a parabolic stress
distribution with a maximum at the neutral plane becomes only an approximation [4].
Figure 1.2 illustrates schematically the axial and shear stress distributions across var-
ious sections. The distributions were obtained from a nonlinear finite element model
presented in Chapter 5. The numerical result indicates that the stress concentrations
induced from the loading and support locations significantly affect the stress distri-
butions of the short beam. Nevertheless, in the sections far away from loading and
support locations (e.g., x = ±L/4), the classical beam theory assumptions are often
used due to small stress concentration effects. Indeed, ASTM standard D 2344 [11]
assumes a parabolic shear stress distribution and suggests calculation of the short-








where, referring to Figure 1.2, Pm is the maximum load observed during the test
and A is the cross-sectional area of the beam (A = bh). It is noted that, if the
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material has different Young’s moduli in tension and compression, the neutral plane
shifts from middle-thickness and the shear stress distribution is no longer paraboli-
cally distributed across the thickness. In fact, one of the important characteristics of
composite materials is that they often exhibit different elastic moduli in tension and
compression [34]. Numerous investigations have been carried out to explore the be-
havior of bimodular composite beam, plate and shell structures within the last three
decades [16,28]. However, the bimodular behavior was not considered in the previous
studies of the SBS test.















Figure 1.3: Random texture created using black and white spray paints on E-













Figure 1.4: Gage sections for strain assessment from full field (DIC) measurement.
The high-gradient strain distributions in the SBS specimens prohibit the use of
strain gages. According to Reference [11], instrumentation of SBS test coupons was
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not practical, therefore modulus and stress-strain data could not be obtained. The
DIC technique overcame the conventional strain gage limitations in the SBS tests
since through-the-thickness strain distributions can be obtained from the full-field
strain measurements. The DIC technique has been successfully used in Reference [39]
for strain assessment in the nonlinear interlaminar shear stress-strain response of a
glass/epoxy tape based on the SBS tests. The full-field strain measurement is based
on tracking locations of random pattern using stereo images [39]. Figure 1.3 shows a
random texture (pattern) created on a short-beam specimen surface using black and
white spray paints. While the specimen is subject to load, a sequence of images is
acquired using a stereo camera system. The full-field surface strain components are
obtained based on an analysis of the stereo images. The VIC-3D [1] software is used
in this work to determine three-dimensional positions before and after deformation by
tracking the gray value pattern in small subsets throughout the acquired stereo image
sequence. The Lagrange strain tensor components can then be obtained via numerical
differentiation using the strain computation algorithm in the VIC-3D software. All
three surface strain components, i.e., axial strain, transverse normal strain and shear
strain, are obtained in a single DIC measurement. Figure 1.4 shows a typical axial
stain contour plot for a unidirectional SBS specimen. As also illustrated in Figure
1.4, a number of gage sections, midway between the lower supports and the upper
loading locations, are used to extract strain values from full-field measurement.
Numerous full-field strain measurements [39] have revealed that, on the gage sec-
tions of a SBS specimen, the axial strain is linearly distributed through the thick-
ness. As an example, Figure 1.5 shows the typical axial strain distributions for a
S2-glass/epoxy tape measured by the DIC technique. Linear through the thickness
axial strain distributions in the SBS specimens enable simple closed-form solutions
for the tensile and compressive moduli as well as shear stresses. As a consequence, the






















Right (x = L/4)
Left (x = −L/4)
Figure 1.5: Typical axial stain distributions across gage sections of a unidirectional
SBS specimen from DIC measurements.
response; the nonlinear shear stress-strain relations up to failure can be generated
using the measured shear strains and the calculated shear stresses; and the Poisson’s
ratio can be calculated as the negative ratios of the transverse and axial strains at the
bottom (tensile) surface. Moreover, by loading the SBS specimens in various material
planes, a complete set of three-dimensional material properties can be characterized.
The SBS specimens could be machined in the 0◦ and 90◦ directions from a single uni-
directional panel and loaded in any one of the principal material planes. Figure 1.6
shows the principal material planes and corresponding properties measured from the
SBS tests, where the subscript“T” denotes tensile property and “C” denotes compres-
sive property, and Kij , nij are parameters to characterize nonlinear shear behaviors.
The method is recently applied to measure the 3D properties for several composite
material systems and the material properties are reported in Reference [40].
Accuracy of stress calculation is essential in the material characterization. As





















Figure 1.6: Principal material planes and corresponding measured properties for the
SBS tests.
theory as the basis for data reduction. The applicability of classical beam theory in
the SBS test is questionable since normally a low span-to-thickness ratio is used for
a SBS specimen. Furthermore, through-the-thickness shear distribution may become
skewed due to the bimodular behavior, inducing additional error in material charac-
terization. A number of studies, using elasticity solutions [52, 59] or finite element
models [22, 23, 64, 66], have been conducted to investigate the accuracy of classical
beam theory for the various short beam configurations and composite material sys-
tems. These studies have demonstrated inadequacies in classical beam theory in
defining the shear stress state in the short beam configuration [11]. The deviation
from classical beam theory is mainly due to the additional transverse stresses induced
by the loading and support cylinders [5]. The stress analyses [22,23,52,59,64] reveal
that the maximum shear stress predicted by the classical beam theory is never fully
reached: the effect of nonlinear shear response was found to reduce the maximum
shear stress. Consequently, the shear modulus is also overestimated if the closed-
form approximation is used in the data reduction. It is worth noting that use of the
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SBS test method for the development of design allowables for structural design cri-
teria for composites was discouraged in the literature. Besides the existence of high
strain gradient across the thickness, the discrepancy in closed-form approximation is
another major reason. This is the reason for the use of “apparent” in the previous
title of ASTM D 2344. Indeed, the SBS test is usually used for materials screening
and quality control purpose in stead of properties measurement [4].
1.2 Objective and Approach
The purpose of this work is to improve the accuracy of the stress-strain constitutive
relations through accurate stress solution. The nonlinear shear stress-strain relations
are the major concern.
Finite element analysis provides a powerful tool to improve the accuracy of stress
calculation, and consequently, the material characterization. In this work, nonlinear
Finite Element Models (FEM) are developed for the SBS specimens and implemented
in the material characterization to obtain accurate full-field stress state. Unlike con-
ventional test methods using gage measurement and closed-form stress calculation,
this work is a combination of full-field strain measurement and nonlinear finite ele-
ment stress analysis.
The implementation of finite element analysis in the material characterization is
achieved through an iterative procedure. The basic idea is to minimize the errors in
stress calculation by using consecutive finite element simulations to update the stress
prediction. Since material properties are necessary for a finite element model, the
shear properties obtained from closed-form based stresses can be utilized as the initial
approximation. Updated shear properties are generated using FE-based stresses.
The finite element model can then be updated with the new shear properties. A
subsequent finite element simulation is performed and shear properties are updated
again using the obtained finite element results. Several iterations may be required
9
until the amount of update is within a tolerance and good agreement on strain survey
has been achieved between finite element results and DIC data.
The composite material systems selected for the investigation are the unidirec-
tional S2-glass/E773-epoxy prepreg tape, the unidirectional E-glass/5216-epoxy pre-
preg tape and the unidirectional IM7-carbon/8552-epoxy prepreg tape.
1.3 Outline
An outline of the reminder of this thesis is as follows.
A review on the available nonlinear constitutive models are given the following
chapter. The nonlinear constitutive model used in this work is then implemented in
the finite element code ABAQUS [24] via a user material subroutine.
Chapter 3 presents the method for assessment of 3D material properties for the
three composite material systems using the SBS test and the DIC technique. The
nonlinear shear stress-strain data are generated using the closed-form based stress
approximation.
Various verification tests are performed in this work to validate the assump-
tions and accuracy of the SBS test. 0◦ and 90◦ tests are performed for the E-
glass/5216-epoxy prepreg tape to demonstrate that the longitudinal and transverse
stress-strain relations are linear to failure. V-notched beam tests are conducted to
obtain shear stress-strain curves for the E-glass/5216-epoxy prepreg tape and the
IM7-carbon/8552-epoxy prepreg tape. Angle beam tests are also performed to ob-
tain the transverse Young’s modulus and interlaminar tensile strength for the IM7-
carbon/8552-epoxy prepreg tape. Chapter 4 presents these additional tests.
Chapter 5 is devoted to assessing the accuracy of closed-form stress approximation
for the short beam configurations and the three composite material systems used in
this work. The iterative procedure using the FE-based stresses is proposed to update
the nonlinear shear properties obtained in Chapter 3.
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The iterative procedure is performed in Chapter 6 to obtain updated shear prop-
erties for the three composite material systems under study. To verify the accuracy of
the numerical procedure, the finite element strain results are compared with the DIC
measurements. Moreover, the V-notched beam and SBS test results are correlated.
As part of the verification program, the obtained nonlinear shear properties are im-
plemented in finite element models to study the mechanical behavior of laminated
SBS specimens and wrinkled specimens. Again, the finite element strain results are
compared with the DIC measurements.
Conclusions and future work are stated in the final chapter.
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CHAPTER II
NONLINEAR SHEAR STRESS-STRAIN RESPONSES
2.1 Nonlinear Constitutive Models for Shear Nonlinearity
A number of nonlinear constitutive models have been developed to study the shear
nonlinearity in fiber reinforced composite materials [29–31, 35, 48, 53]. They can be
classified into two categories, i.e., nonlinear elasticity models and inelasticity (plas-
ticity) models, depending on whether the existence of permanent deformation upon
unloading is assumed. The nonlinear elasticity models assume no permanent de-
formation upon unloading. They can also be classified based on whether the shear
stress-strain behavior is treated as the sole source of material nonlinearity. Nonlinear
transverse behavior is considered in some of the models. Three-dimensional effec-
tive stress/effective inelastic (plastic) strain models have also been used, in which
nonlinear longitudinal behavior may be assumed as well.
The problems under monotonic loadings may be effectively described within the
framework of the nonlinear theory of elasticity [30]. Simple mathematical repre-
sentations, e.g., piecewise linear representations, polynomials, spline functions and
Ramberg-Osgood equations are widely adopted.
Early work utilized piecewise approaches to describe the nonlinear behavior. Petit
and Waddoups [45] used an incremental approach to determine the stress-strain of
a lamina. Amijima and Adachi [14] introduced a simple technique to represent the
shear nonlinearity using piecewise linear segments. Sandhu [49] used piecewise cubic
spline functions to represent the lamina uniaxial test data and introduced a technique
for solution of the nonlinear laminate equations.
Hahn and Tsai [30] used a complementary energy density polynomial function
12
for a lamina under plane stress state to derive a nonlinear stress-strain relation for
laminated composites. An additional third-order term of the axial shear stress (γ12)
is added to the polynomial function for in-plane shear nonlinearity. The resulting
model is linear in uniaxial loadings in the longitudinal and transverse plane stress







where α12 defines the nonlinearity of the shear stress-strain relation, being equal to
zero for a linear shear response. This nonlinear elasticity model has been widely
accepted as a candidate for curve fitting the shear stress-strain test data. Examples
include, to name a few, the T300-graphite/976-epoxy, T300-graphite/934-epoxy [18]
and IM7-carbon/8552-epoxy composites [17]. The equation is also used to character-






ij , ij = 12, 13, 23 (2.2)
The Ramberg-Osgood equation [46], which is widely used in metal fatigue studies,











, ij = 12, 13, 23 (2.3)
where Kij and nij are parameters that define the nonlinearity of the shear stress-strain
relation. One of the early applications is due to Renieri and Herakovich [48] who used
a quasi-three dimensional finite element analysis to model the response of laminates
to thermal and mechanical loading. Nonlinear material properties were introduced
via one dimensional Ramberg-Osgood representations.
Some more flexible mathematical representations were proposed simply for curve
fitting purposes. For example, the following relation was used to fit the test data for
XAS-carbon/914-epoxy composite [62, 63]:
σ12 = 71.41 + 3.66γ12 − 91.52e−γ12 + 20.11e−2γ12 (2.4)
13
Where σ12 is the shear stress in MPa, and γ12 is the shear strain in %.
The nonlinearities in fiber-reinforced composites can also be treated as plastic be-
havior. Several nonlinear constitutive models were formulated based on classical in-
cremental plasticity. Hill’s yield function, or various modifications, is widely adopted
as the yield function. Isotropic strain hardening is often assumed. Kinematic strain
hardening or mixed isotropic/kinematic hardening is also used.
Hashin et al. [31] formulated a nonlinear constitutive model where inelastic trans-
verse and axial shear strains exist in a lamina under plane stress conditions. Each
inelastic strain component is an independent quadratic function in terms of the stress
invariants raised to a general power. The Ramberg-Osgood representation was used
to express the nonlinear axial-shear and transverse stress-strain relations.
A three-dimensional theory based on Hill’s orthotropic yield criterion and the
incremental flow theory was developed by Griffin et al. [29]. It was assumed that the






ni , i = 1, . . . , 6 (2.5)
Thus, the uniaxial plastic strain is assumed to be the power lower portion of the
approximation, i.e., ǫpi = βi (σi)
ni. The assumption of incompressibility of plastic




ǫpi = 0 (2.6)
Sun and Chen [53] developed a one parameter orthotropic plasticity model for
thermoplastic and metal-matrix composite laminates in plane stress. One-parameter
plastic-potential scalar function is proposed in their model. Only transverse and axial
shear stresses are involved in the plastic model; therefore, plastic deformation in the
axial direction of the lamina is neglected. In addition, a power law relation between
14
effective plastic strain and the effective stress is proposed; as a results, a total of three-
material parameters are needed to fully describe the lamina plastic behavior. The
nonlinear parameters were determined by a trial and error optimization from stress-
strain responses of simple off-axis tension tests under various loading conditions. The
plane stress model was later extended to a three-dimensional model [20].
The Ramberg-Osgood equation is used in this work to fit the nonlinear shear
stress-strain responses measured from the SBS tests. Figure 1.1 (on Page 2) shows
a typical shear stress-strain response for a unidirectional S2-glass/E773-epoxy tape
SBS specimen loaded in 1-3 material plane. The linear shear modulus (e.g., G13 in the
1-3 material plane) is determined from linear interpolation of the shear stress-strain
data in the small strain regime (e.g., γ13 < 0.01). While the nonlinear parameters
(e.g., K13 and n13 in the 1-3 material plane) are determined from logarithmic linear
interpolation of the shear stress-strain data in the large strain regime.
The elastic stress-strain relations for orthotropic material is modified to account
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The second term in equation (2.7) is the contribution of nonlinear shear behavior.
Several assumptions are implied in the nonlinear constitutive model (2.7):
1. The shear stress-strain behavior is treated as the sole source of material non-
linearity.
2. The nonlinear shear properties are introduced via one-dimensional Ramberg-
Osgood representations.
3. Couplings of shear and normal stresses in nonlinear behavior are ignored.
In the present work only monotonic loading condition is considered. Therefore, the
nonlinear elastic constitutive formulation is appropriate.
2.2 Implementation of Nonlinear Constitutive Model in
Finite Element Analysis
To implement the nonlinear constitutive model (2.7) in commercial finite element
codes, a user material subroutine (e.g., the UMAT subroutine in ABAQUS) is needed.
Typically, two tasks must be executed in a user material subroutine: the tangent
stiffness matrix (material Jacobian) must be provided for the implicit analysis; and
the stresses at the end of the (pseudo-)time increment (t + ∆t) must be updated.
The implementation of the Ramberg-Osgood shear model in the plane stress analysis
is derived in the following. The procedure can be easily extended to the three-
dimensional case.
According to equation (2.7), the in-plane stress-strain relations for a lamina with
16































































































































































The second term in equation (2.9) represents in-plane nonlinear shear response con-
tribution.




















































































































































































































































































































































In the nonlinear finite element analysis, the stress at the end of the current time
increment (σ|t+∆t) is updated by summation of the initial value at the beginning of
17
the current time increment (σ|t) and the incremental values (∆σ) solved from the



































































































The updated normal stresses at the end of the time increment can be determined
























































An iterative procedure is required to obtain the updated shear stress as the shear
stress-strain relation is nonlinear. The Newton-Raphson method is used and the shear

























The total shear stress increment at the end of the current time increment (t + ∆t) is






where N is the total number of iterations that have been performed for the converged
stress increment ∆σ12. Numerical experiments show that the shear-stress update
procedure requires only a few number of iterations to achieve satisfactory numerical
accuracy.
The nonlinear shear model is implemented in the commercial finite element code
ABAQUS [24]. A numerical test with one element model is performed to validate





Undeformed Shape Deformed Shape (Step 1) Deformed Shape (Step 2)
γ12 γ12
Figure 2.1: Undeformed and deformed shapes of a finite element subjected to pure
shear.
pure shear at the first step of the analysis, followed by a reversed loading in step two.
The first-order plane stress element with reduced integration (i.e., CPS4R) is used
so that the model contains only one Gauss point located at the element center. The
following engineering constants
E1 = 47.5 GPa, E2 = 12.5 GPa, ν12 = 0.29, G12 = 4.24 GPa
and nonlinear shear parameters
K12 = 183.1 MPa, n12 = 0.226
are used for a unidirectional glass/epoxy tape. The shear stress-strain data were
extracted at the Gauss point and plotted in Figure 2.2. The accuracy of numerical
modeling is clearly indicated in the figure - the incremental solution procedure follows
the nonlinear shear model.
2.3 Closing Remarks
The implementation procedure can be applied to other nonlinear elasticity model















































Figure 2.2: Nonlinear shear stress-strain response at Gauss point.













































































The mathematical simplicity of Ramberg-Osgood equation (2.3) enables the im-
plementation of the nonlinear shear model in the closed-form solutions for laminated
composites. As an example, the implementation in Classical Laminate Theory (CLT)
is demonstrated in Appendix A.
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CHAPTER III
TEST PROCEDURE FOR MEASUREMENT OF
THREE-DIMENSIONAL CONSTITUTIVE PROPERTIES
3.1 Experiment Description
The SBS test consists of a short-beam specimen of rectangular cross-section loaded
in three-point bending so that an interlaminar shear failure occurs. A typical test
configuration and specimen geometry is shown in Figure 3.1. The specimen rests
on two support cylinders that allow lateral motion, and the load is applied through
a loading cylinder located at the mid-span of the specimen. Typically, the loading
cylinder is 6.3 mm (0.25 inches) in diameter, and the two support cylinders are 3.1 mm
(0.125 inches) in diameter. A span-to-thickness ratio (L/h) of four to five is usually
used. ASTM Standard D 2344 [11] also recommends that the specimen overhang the
support rollers by at least one specimen thickness. In addition, a width-to-thickness
ratio (b/h) of two is suggested since a ratio greater than two can result in a significant
width-wise shear stress variation [5].
In the present work the ASTM SBS geometry and supports were modified [40].
The SBS specimen thickness ranges from 3.6 mm (0.14 inches) for carbon/epoxy
to 6.4 mm (0.25 inches) for glass/epoxy material systems. The width is reduced
from the ASTM recommended 200% to about 100% of the specimen thickness for
more uniform strain distributions though the width away from the support locations.
Also, the loading nose (upper support) diameter is increased from the ASTM stan-
dard [11] of 6.4 mm (0.25 inches) to 12.7 mm (0.5 inches) except for the tests of
E-glass/5216-epoxy SBS specimens to reduce compressive damage under the loading















Figure 3.1: Experimental assembly approximation and coordinate notation for SBS
testing.
required for carbon/epoxy compared to the more compliant glass/epoxy composite
material systems. The standard [11] lower support diameter of 3.2 mm (0.125 inches)
is used.
Glass/epoxy and carbon/epoxy unidirectional tape composite SBS specimens ma-
chined and loaded in the principal material planes are considered in this work. Con-
ventional material coordinate notations [34] are utilized. The fiber direction is de-
noted as 1 (0◦); the in-ply transverse direction as 2 (90◦); and the laminate thickness
direction as 3 (interlaminar direction). The principal material planes are denoted as
1-2 (in-ply), 2-3, and 1-3 (interlaminar planes). The global coordinate system is iden-
tified in Figure 3.1. As shown in Figure 1.6 (Page 8), by orientating the specimen’s
longitudinal axis along any one of the three axes of material orthotropy in the test
fixture, any one of the material planes can be measured. Shown in Figure 3.2, the
SBS specimens are placed in a servohydraulic load frame and subject to monotonic




Figure 3.2: Unidirectional S2-glass/E773-epoxy tape SBS specimen geometry and
random surface texture created using black and white spray paints.
P
P/2 P/2
Figure 3.3: Loading conditions and ultimate shear failure of a unidirectional S2-
glass/E773-epoxy tape SBS specimen.
3.3 shows a typical shear failure which started between the loading nose and a lower
support and propagated to the specimen edge.
As illustrated in Figure 1.4 (on Page 5), a number of gage sections, mid-way
between the lower supports and the upper support locations, are used to extract strain
values from the full field measurement for the assessment of the tensile, compressive,
and shear stress-strain material behavior. The strain values are averaged through
the gage sections to minimize noise effects at low strains. Figure 3.4 shows typical
measured distributions extracted from several gage sections, for axial strain and shear
strain, respectively. Both distributions show low scatter.









































Figure 3.4: Strain distributions across thickness of a number of gage sections for a
S2-glass/E773-epoxy tape SBS specimen at load 3501 N (787 lbs) 95%
failure load in the 1-3 material plane (Specimen S3). (a) Normalized
axial strain; (b) Shear strain.
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responses. Both axial stress and strain distributions are assumed linear across the
thickness of gage sections. Some composite systems may have significant difference in
tensile modulus and compressive modulus. Consequently, the neutral plane does not
necessarily pass through mid-thickness and both tensile modulus ET and compressive
modulus EC can be measured.
It is in the neutral plane that the shear stress is theoretically at maximum. The
stress state should be pure shear in the neutral plane. Therefore, the maximum shear
stress-strain data are used to obtain the shear properties. The Ramberg-Osgood











, ij = 12, 13, or 23 (2.3)
were used to interpret the experimental results using a least squares approximation.
3.2 Closed-Form Stress and Modulus Approximations
Deformation measurements for several glass/epoxy and carbon/epoxy unidirectional
tape composites under quasi-static loading conditions show (a) close to linear axial
strain distributions through the SBS specimen thickness far from the support locations
at loads close to failure, and (b) linear tensile and compressive stress-strain response
till failure. Figures 3.5, 3.6 and 3.7 illustrate axial strain distributions through the
thickness for three S2-glass/E773-epoxy composite SBS specimens loaded in the 1-3,
1-2 and 2-3 material plane, respectively. The transverse coordinate z is normalized
with respect to the specimen thickness h in the plane of loading.
Linear through the thickness axial distributions in the SBS specimens [40] enable
simple closed-form solutions for the tensile and compressive moduli as well as shear
stresses. As illustrated schematically in Figure 3.8, a linear axial strain approximation
through the thickness is




























DIC (x = L/4)
DIC (x = −L/4)
Figure 3.5: Through thickness axial strain distributions for a S2-glass/E773-epoxy
tape SBS specimen at load 3501 N (787 lbs) 95% failure load in the 1-3
material plane (Specimen S3).
Figure 3.8 shows the reference coordinate system, which is different from the global
coordinate system shown in Figure 3.1 for convenience in derivation.
The thickness coordinate y = −e/k corresponds to the neutral plane location.
Neglect the transverse normal stresses away from the support locations and express









ETǫx, −h2 6 y 6 − ek
ECǫx, − ek < y 6 h2
(3.2)
where ET and EC denote the tensile and compressive moduli. The axial force and



































DIC (x = L/4)
DIC (x = −L/4)
Figure 3.6: Through thickness axial strain distributions for a S2-glass/E773-epoxy
tape SBS specimen at load 3532 N (794 lbs) 90% failure load in the 1-2





















DIC (x = L/4)
DIC (x = −L/4)
Figure 3.7: Through thickness axial strain distributions for a S2-glass/E773-epoxy
tape SBS specimen at load 458 N (103 lbs) 95% failure load in the 2-3



































where x is axial distance from the closest lower support and P is the applied force.
At the cross-sections mid-way between loading nose and supports, i.e., x = xc = L/4,





Substitute equations (3.1) and (3.2) into equations (3.3) and (3.4), neglect the
stress variability through the width, integrate and solve equations (3.3) and (3.4) to













As the ratio of the distance e/k between the mid-plane and the neutral plane to the
specimen half-thickness is expected to be small such that a2 is negligible compared








The following maximum shear stress approximation in the SBS specimens away
from the support locations is derived using expression (3.8) and force equilibrium in






, A = hb (3.9)
The maximum shear stress occurs at the neutral plane y = −e/k. It is worth noting
that the above equation has the same form as equation (1.1). Indeed, expression (3.9)
is a classical (mechanical of materials) approximation for the maximum shear stresses
in long beams subject to three-point bending [56]. The closed-form approximation is
used to interpret the SBS test data for shear stress in this chapter. The correction
for discrepancy of the closed-form approximation is the focus of Chapter 5.
As the tensile and compressive modulus values are material properties independent
of the x locations, and the bending moment is a linear function of x, the curvature k
and the intercept e are also linear functions of x. The linear axial strain approximation
(3.1) for the SBS specimens is generalized as





















kc = Kxc =
k
x




The constants kc and ec are measured as the slope and the intercept of the normalized
axial strain ǫxxc/x distributions throughout the SBS specimens away from supports.
The measurements in equation (3.11) are not limited to one cross section. Thus,
the obtained properties are averages over a number of sections away from support
locations.
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It is noted that the shear stress distribution reduces to the parabolic distribution if
the identical elastic behavior is assumed (i.e., E11T = E11C). For a beam of rectangular




























in the global coordinate system.
3.3 Experimental Results for S2-Glass Composite Speci-
mens
A total of 15 SBS specimens were machined from a 26-ply 6.1 mm (0.24 inches) thick
unidirectional S2-glass/E773-epoxy tape panel [40]. Ten specimens were machined in
the fiber (0◦) direction and five specimens were machined in the 90◦ direction. The
specimens are 42 mm (1.75 inches) long and 6.4 mm (0.25 inches) wide. The support
length L is 30.5 mm (1.2 inches). Five 0◦ specimens (S1-S5) were loaded in the 1-3
material plane, others (S6-S10) were loaded in the 1-2 plane. The 90◦ specimens (S11-
S15) were loaded in the 2-3 material plane. The specimen dimensions and ultimate
failure loads are listed in Tables 3.1, 3.3 and 3.5.
SBS specimens machined in the fiber direction fail in shear. Figure 3.3 shows a
typical shear failure which started between the loading nose and a lower support and
propagated to the specimen edge. The specimens machined in the 90◦ direction fail
in tension in the middle of the specimen. Figure 3.9 shows a typical tensile failure
for a 90◦ glass/epoxy specimen. As one can see from Tables 3.1, 3.3 and 3.5, the 90◦
specimens fail at much lower load levels than the specimens loaded in the 1-3 and 1-2
material plane. Therefore, significant nonlinear shear stress-strain response was not
observed in the 90◦ SBS tests.
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Figure 3.9: Tensile failure of a 90◦ S2-glass/E773-epoxy tape SBS specimen.
The surface strain components were measured for each specimen in the plane of
loading using the DIC technique. The strain contour plots are obtained based on
the analysis of stereo images taken with a 16 megapixel camera system. A subset
size of 45 × 45 pixels was chosen, corresponding to approximately 0.67 mm2 for this
particular test. Data was obtained on 9 pixel centers, resulting in approximately
11,000 data points per load case. Figures 3.10, 3.12 and 3.14 illustrate typical axial,
transverse and shear surface strain distributions in the 1-2, 1-3 and 2-3 material
planes, respectively.
Two-mm long gage sections, mid-way between the lower supports and the upper
support locations, were used in the assessment of the tensile, compressive, and shear
stress-strain material behavior. Consistent linear through the thickness axial strain
distributions were observed for all specimens up to about 95% failure loads. Typical
results are shown in Figures 3.5, 3.6 and 3.7 for the 1-2, 1-3 and 2-3 material planes,
respectively.
Figures 3.11 and 3.13 show the shear stress-strain response in the 1-3 and 1-2
material plane, respectively, for the 0◦ SBS specimens. Shear strain in Figures 3.11
and 3.13 is the average maximum shear strain in the two-mm long gage section.
The shear stress approximation is based on equation (3.9). The Ramberg-Osgood
equation (2.3) was used to generalize the experimental results for each specimen using
a least squares approximation. Tables 3.2 and 3.4 list the specimen values for linear
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shear modulus Gij, secant-intercept modulus Kij , and exponent nij in equation (2.3).
Sample averages (AVG) and coefficients of variation (COV) are also documented.
The trend lines shown in Figures 3.11 and 3.13 are based on the AVG constants. For
shear strains γ13 and γ12 exceeding 1%, the SBS specimens exhibit highly nonlinear
shear stress-strain behavior. Tensile failure of the 90◦ SBS specimens loaded in the
2-3 material plane occurred at shear strain values between 2,000 and 3,000 µǫ. A
linear 2-3 plane shear stress-strain response was observed. Table 3.6 lists the 2-3
plane shear modulus values.
It is worth noting that G23 value obtained from specimens loaded in the 2-3




= 4.443 GPa (0.644 msi). (3.15)
Tables 3.2, 3.4, and 3.6 also list average modulus E11, E22, compressive modulus
E11C, E22C, and Poisson’s ratio ν13, ν23 values. The data reduction procedure de-
scribed in the previous section was applied to obtained the material properties. It is
noted that the Poisson’s ratio approximations are based on the axial and transverse
strain closest to the tensile (bottom) surface in the center cross-sections between the
lower and upper support locations. The Poisson’s ratios are calculated as the negative
ratios of the slopes of the applied force - axial and transverse strains. The measured
applied force - axial and transverse strain relations were linear till failure. It is noted
that similar results were obtained in the gage sections in both halves of the specimens.
The values listed in Tables 3.2, 3.4, and 3.6 are the average values of the constitutive
parameters measured in the gage sections on both sides of the loading nose.
The measured tensile modulus values for S2-glass/E773-epoxy material are similar
to the compressive modulus values in the corresponding directions. Higher difference
is expected for carbon/epoxy material systems. SBS experiments were accomplished
for IM7-carbon/8552-epoxy tape composite in the 1-3 material plane to verify this
statement and the results are documented in the next section.
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Table 3.1: S2-glass/E773-epoxy tape specimen dimensions and ultimate failure loads
(material plane 1-3).
Specimen h, mm (in.) b, mm (in.) Fu, N (lbs)
S1 6.198 (0.2440) 6.299 (0.2480) 3745 (842)
S2 6.083 (0.2395) 6.325 (0.2490) 3572 (803)
S3 6.109 (0.2405) 6.299 (0.2480) 3750 (843)
S4 6.071 (0.2390) 6.299 (0.2480) 3767 (847)
S5 6.058 (0.2385) 6.325 (0.2490) 3630 (816)
AVG 6.104 (0.2403) 6.309 (0.2484) 3693 (830)
COV 0.91% 0.22% 2.35%
Table 3.2: S2-glass/E773-epoxy tape constitutive properties (material plane 1-3).
Specimen G13 K13 n13 E11 E11C ν13
GPa (msi) MPa (ksi) GPa (msi) GPa (msi)
S1 4.23 194 0.223 45.7 45.5 0.28
(0.614) (28.1) (6.62) (6.60)
S2 4.11 191 0.219 47.9 47.8 0.26
(0.596) (27.6) (6.94) (6.94)
S3 4.09 192 0.218 46.7 46.2 0.26
(0.594) (27.9) (6.77) (6.70)
S4 4.23 186 0.212 46.8 47.4 0.27
(0.613) (27.0) (6.79) (6.88)
S5 4.15 192 0.222 48.2 46.1 0.27
(0.602) (27.8) (6.99) (6.69)
AVE 4.16 191 0.219 47.0 46.6 0.27
(0.604) (27.7) (6.82) (6.76)





Figure 3.10: Surface strain components for a S2-glass/E773-epoxy tape SBS specimen










































Figure 3.11: Shear stress-strain response for the S2-glass/E773-epoxy tape SBS spec-
imens in the 1-3 material plane.
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Table 3.3: S2-glass/E773-epoxy tape specimen dimensions and ultimate failure loads
(material plane 1-2).
Specimen h, mm (in.) b, mm (in.) Fu, N (lbs)
S6 6.299 (0.2480) 6.096 (0.2400) 3904 (878)
S7 6.287 (0.2475) 6.109 (0.2405) 4029 (906)
S8 6.287 (0.2475) 6.223 (0.2450) 4081 (918)
S9 6.299 (0.2480) 6.083 (0.2395) 3965 (891)
S10 6.350 (0.2500) 6.058 (0.2385) 3951 (888)
AVG 6.304 (0.2482) 6.114 (0.2407) 3986 (896)
COV 0.42% 1.04% 1.75%
Table 3.4: S2-glass/E773-epoxy tape constitutive properties (material plane 1-2).
Specimen G12 K12 n12 E11 E11C ν12
GPa (msi) MPa (ksi) GPa (msi) GPa (msi)
S6 4.07 204 0.230 48.1 47.1 0.28
(0.590) (29.6) (6.98) (6.84)
S7 4.36 218 0.247 47.8 47.6 0.28
(0.633) (31.6) (6.93) (6.91)
S8 4.14 216 0.239 47.6 46.2 0.29
(0.600) (31.3) (6.90) (6.70)
S9 4.33 223 0.250 48.2 47.2 0.30
(0.629) (32.3) (6.99) (6.84)
S10 4.35 196 0.221 47.8 46.1 0.28
(0.631) (28.5) (6.94) (6.68)
AVE 4.25 211 0.237 49.1 47.9 0.29
(0.617) (30.7) (6.95) (6.79)





Figure 3.12: Surface strain components for a S2-glass/E773-epoxy tape SBS specimen










































Figure 3.13: Shear stress-strain response for the S2-glass/E773-epoxy tape SBS spec-
imens in the 1-2 material plane.
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Table 3.5: S2-glass/E773-epoxy tape specimen dimensions and ultimate failure loads
(material plane 2-3).
Specimen h, mm (in.) b, mm (in.) Fu, N (lbs)
S11 6.096 (0.2400) 6.287 (0.2475) 497 (112)
S12 6.096 (0.2400) 6.287 (0.2475) 533 (120)
S13 6.096 (0.2400) 6.287 (0.2475) 451 (101)
S14 6.096 (0.2400) 6.299 (0.2480) 457 (103)
S15 6.096 (0.2400) 6.299 (0.2480) 547 (123)
AVG 6.096 (0.2400) 6.292 (0.2477) 497 (112)
COV 0.00% 0.11% 8.76%
Table 3.6: S2-glass/E773-epoxy tape constitutive properties (material plane 2-3).
Specimen G23 E22 E22C ν23
GPa (msi) GPa (msi) GPa (msi)
S11 4.47 12.6 12.3 0.42
(0.648) (1.83) (1.79)
S12 4.54 12.6 12.6 0.40
(0.658) (1.82) (1.83)
S13 4.52 12.6 12.2 0.42
(0.655) (1.83) (1.77)
S14 4.43 12.7 12.4 0.41
(0.643) (1.84) (1.79)
S15 4.41 12.3 12.2 0.40
(0.640) (1.78) (1.77)
AVE 4.47 12.8 12.5 0.41
(0.649) (1.82) (1.79)





Figure 3.14: Surface strain components for a 90◦ S2-glass/E773-epoxy tape SBS spec-
imen at 458 N (103 lbs) 95% failure load in the 2-3 material plane (Spec-
imen S14).
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3.4 Experimental Results for Carbon Composite Specimens
Five 20-ply unidirectional IM7-carbon/8552-epoxy tape SBS specimens S16 through
S20 were manufactured and loaded in the 1-3 material plane to failure [40]. The
specimens are 26.7 mm long (1.05 inches), 3.8 mm thick (0.15 inches), and 3.05 mm
wide (0.12 inches). Support length is 19.1 mm (0.75 inches). Table 3.7 lists the
specimen dimensions and ultimate failure loads. Table 3.8 lists the nonlinear shear
properties as well as the average and compressive modulus values.
It is noted that carbon/epoxy SBS specimens have lower thickness compared to
the glass/epoxy SBS specimens. A subset size of 21×21 pixels (0.25 mm2) was chosen.
Data was obtained on 4 pixel centers, resulting in approximately 11,000 data points
per load case. Figures 3.15 shows typical axial, transverse, and shear surface strain
distributions on beam surface. Figure 3.16 shows the shear stress-strain response
measured from gage sections. Highly nonlinear shear response is evident. The trend
line shown in Figure 3.16 is based on the average constants listed in Table 3.8.
The axial modulus data listed in Table 3.8 agree with the tensile and compressive
modulus values, E11 = 164 GPa (23.8 msi) and E11C = 150 GPa (21.7 msi), generated
using ASTM standard methods for measurement of the unidirectional tensile and
compressive constitutive properties and published by the prepreg manufacturer [2].
Five 90◦ specimens S21 through S25 were loaded in the 2-3 material plane to
failure. The specimen dimensions, failure loads and shear moduli are listed in Table
3.9. Similar to Specimens S11 to S15 in the S2-glass case, these 90◦ specimens failed
early at small strain regime. Thus only linear shear stiffnesses were measured.
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Table 3.7: IM7-carbon/8552-epoxy tape specimen dimensions and ultimate failure
loads (material plane 1-3).
Specimen h, mm (in.) b, mm (in.) Fu, N (lbs)
S16 3.848 (0.1515) 3.086 (0.1215) 1605 (361)
S17 3.823 (0.1505) 3.086 (0.1215) 1610 (362)
S18 3.886 (0.1530) 3.099 (0.1220) 1679 (378)
S19 4.001 (0.1575) 3.112 (0.1225) 1703 (383)
S20 3.797 (0.1495) 3.086 (0.1215) 1671 (376)
AVG 3.871 (0.1524) 3.094 (0.1218) 1653 (372)
COV 2.05% 0.37% 2.64%
Table 3.8: IM7-carbon/8552-epoxy tape constitutive properties (material plane 1-3).
Specimen G13 K13 n13 E11 E11C
GPa (msi) MPa (ksi) GPa (msi) GPa (msi)
S16 5.34 250 0.205 162.3 146.0
(0.774) (36.2) (23.54) (21.17)
S17 5.34 233 0.191 166.2 152.1
(0.774) (33.8) (24.11) (22.06)
S18 5.51 260 0.215 168.1 156.9
(0.799) (37.7) (24.39) (22.75)
S19 5.41 289 0.236 161.5 144.9
(0.785) (42.0) (23.45) (21.02)
S20 5.47 258 0.212 157.4 141.2
(0.794) (37.5) (22.83) (20.48)
AVE 5.41 258 0.212 163.1 148.2
(0.785) (37.4) (23.66) (21.50)
COV 1.44% 7.94% 7.70% 1.39% 4.20%
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Table 3.9: IM7-carbon/8552-epoxy tape specimen dimensions, ultimate failure loads
and constitutive properties (material plane 2-3).
Specimen b, mm (in.) h, mm (in.) G23, GPa (msi) Fu, N (lbs)
S21 3.708 (0.1460) 4.623 (0.1820) 3.05 (0.442) 401 (90)
S22 3.670 (0.1445) 4.750 (0.1870) 3.01 (0.437) 473 (106)
S23 3.645 (0.1435) 4.648 (0.1830) 3.14 (0.456) 536 (121)
S24 3.708 (0.1460) 4.763 (0.1875) 3.19 (0.463) 479 (108)
S25 3.670 (0.1445) 4.572 (0.1800) 3.03 (0.440) 392 (88)
AVG 3.680 (0.1449) 4.671 (0.1839) 3.09 (0.447) 456 (103)




Figure 3.15: Surface strain components for an IM7-carbon/8552-epoxy tape SBS













































Figure 3.16: Shear stress-strain response for the IM7-carbon/8552-epoxy tape SBS
specimens in the 1-3 material plane.
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3.5 Experimental Results for E-Glass Composite Specimens
Five 30-ply E-glass/5216-epoxy unidirectional tape SBS specimens (S26-S30) [40]
were manufactured and statically loaded (with 0.05 in./min head displacement rate)
in the transverse (1-3) material direction to failure following ASTM Standard D 2344
guidelines [11]. The specimens are 38 mm (1.5 inches) long, 6 mm (0.24 inches) thick,
and 4.4 mm (0.17 inches) wide. Support length is 25.4 mm (1 inches). Table 3.10





Figure 3.17: Loading conditions and ultimate shear failure of a unidirectional E-
Glass/5216-epoxy tape SBS test specimen.
Figure 3.17 shows specimen failure. Loading conditions are also shown. The
failure mode is a shear delamination starting between the upper support and a lower
support and propagating to the edge. Figure 3.18 shows the five specimens tested.
All specimens exhibited similar behavior.
Figure 3.19 illustrates the axial, transverse, and shear strain tensor components
for one of the specimens (Specimen S28) at 2153 N (484 lbs ), i.e., 92% ultimate failure
load. The strain contour plots are obtained based on the analysis of stereo images
taken with a 16 megapixel camera system. For the case shown, a subset size of 21×21
pixels was chosen, corresponding to approximately 0.25 mm2 for this particular test.
Data was obtained on 4 pixel centers, resulting in approximately 20,000 data points
per load case.
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Figure 3.18: Failure mode for five E-glass/5216-epoxy SBS test specimens.
Figure 3.20 shows the interlaminar shear stress-strain response for the five SBS
specimens tested (Specimens S26-S30). Table 3.11 lists the values for the interlaminar
shear strength S13 corresponding to the ultimate failure load, and linear modulus G13,
secant-intercept modulus K13, and exponent n13 in the Ramberg-Osgood equation
(2.3). The trend line shown in Figure 3.20 is based on equation (2.3) and Table 3.11
for the average constants. For shear strain γ13 exceeding 1%, the E-glass/5216-epoxy
tape SBS specimens exhibit highly nonlinear shear stress-strain behavior.
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Table 3.10: E-glass/5216-epoxy tape specimen dimensions and ultimate failure loads
(material plane 1-3).
Specimen h, mm (in.) b, mm (in.) Fu, N (lbs)
S26 5.994 (0.2360) 4.432 (0.1745) 2540 (571)
S27 6.020 (0.2370) 4.394 (0.1730) 2522 (567)
S28 6.007 (0.2365) 4.382 (0.1725) 2353 (529)
S29 6.045 (0.2380) 4.407 (0.1735) 2455 (552)
S30 5.982 (0.2355) 4.407 (0.1735) 2460 (553)
AVG 6.010 (0.2366) 4.404 (0.1734) 2466 (554)
COV 0.41% 0.43% 2.97%
Table 3.11: E-glass/5216-epoxy tape constitutive properties (material plane 1-3).
Specimen G13, GPa (msi) K13, MPa (ksi) n13
S26 4.51 (0.654) 128 (18.6) 0.147
S27 4.16 (0.603) 128 (18.6) 0.147
S28 4.10 (0.595) 130 (18.8) 0.152
S29 4.04 (0.585) 137 (19.9) 0.168
S30 4.29 (0.622) 124 (18.0) 0.142
AVE 4.22 (0.612) 130 (18.8) 0.151





Figure 3.19: Surface strain components for an E-glass/5216-epoxy tape SBS specimen










































Figure 3.20: Shear stress-strain response for the E-glass/8552-epoxy tape SBS speci-




4.1 Unidirectional Tensile Tests
To verify the normal stress-strain response for the unidirectional tape composites used
in this work is linear until failure, unidirectional tensile tests were performed for the
0◦ and 90◦ specimens [40].
A total of 20 unidirectional E-glass/5216-epoxy tape tensile specimens were ma-
chined from a 19 mm (0.75 inches) thick [0◦]90 E-glass/5216-epoxy panel. Figure 4.1
shows the panel and material directions. This panel was also utilized to manufac-
ture the unidirectional V-notched specimens considered in the next section. X-ray
detectable glass tracer fibers are present in the panel to follow material specifications
for structural applications. Figure 4.1 shows the location of tracer fibers as red and
black lines.
The unidirectional tensile test specimens are 305 mm (12 inches) long and 2.54
mm (0.1 inches) thick. The static tensile tests were accomplished following ASTM
Standard D 3039 [9] guidelines. Figure 4.2 shows the linear stress-strain response.
The tensile strength corresponds to a 2% axial strain exceeding the axial strain level
in the SBS tests. The tensile modulus (E11), Poisson’s ratio (ν13), and tensile strength
(S11) properties were also obtained from the tensile test and listed in Table 4.1.
To verify accuracy of the DIC technique, conventional strain gage measurements
were compared with full-field strain measurements used in the tensile tests. DIC
measurements (averaged to the strain gage scale) and strain gage measurements are
in excellent agreement: a 0.3% difference for the tensile modulus and a 1% difference








Figure 4.1: [0◦]90 E-glass/5216-epoxy panel and material directions.
To obtain the transverse normal stress-strain response for the unidirectional E-
glass/5216-epoxy tape, a total of 20 [90◦]12 19 mm (0.75 inches) wide, 2.54 mm (0.1
inches) thick, and 203 mm (8 inches) long tensile specimens were tested following
ASTM Standard D 3039 [9] guidelines. All specimens failed at tracer fibers next
to tab locations, resulting in a low average value and high scatter for the material
strength in the 90◦ direction. Test data for 90◦ modulus and strength are listed in







































Figure 4.2: Tensile (1-3 material plane) stress-strain response for the [0◦]90 E-
glass/5216-epoxy unidirectional tape specimens.
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Table 4.1: Tensile modulus, Poisson’s ratio and tensile strength values for [0◦]90 E-
glass/5216-epoxy unidirectional tape.
Specimen E11, GPa (msi) ν13 S11, MPa (ksi) Tracers
B1 41.50 (6.018) 0.3132 843.1 (122.3) Present
B2 41.90 (6.077) 0.3204 810.3 (117.5) Not Present
B3 41.55 (6.027) 0.3078 805.4 (116.8) Present
B4 40.00 (5.801) 0.3153 812.3 (117.8) Not Present
B5 41.58 (6.031) 0.3119 777.3 (112.7) Present
B6 41.30 (5.990) 0.3078 800.6 (116.1) Not Present
B7 39.15 (5.678) 0.3166 768.3 (111.4) Present
B8 40.75 (5.910) 0.3090 812.6 (117.9) Present
B9 41.41 (6.005) 0.3127 673.4 (97.7) Not Present
B10 41.94 (6.082) 0.3041 724.3 (105.1) Not Present
B11 41.52 (6.022) 0.3119 764.9 (110.9) Not Present
B12 38.37 (5.565) 0.3294 668.8 (97.0) Not Present
B13 42.27 (6.131) 0.3073 754.8 (109.5) Present
B14 39.38 (5.711) 0.3166 696.0 (100.9) Not Present
B15 41.28 (5.987) 0.3170 805.9 (116.9) Present
B16 42.41 (6.152) 0.3086 875.9 (127.0) Present
B17 42.93 (6.227) 0.3019 847.6 (122.9) Present
B18 41.34 (5.996) 0.3049 834.3 (121.0) Present
B19 40.23 (5.834) 0.3134 798.1 (115.8) Not Present
B20 41.13 (5.966) 0.3075 742.3 (107.7) Not Present
AVG 41.10 (5.961) 0.3119 780.8 (113.2)
COV 3% 2% 7%
Specimens with Tracers:
AVG 41.37 (6.000) 0.3107 808.9 (117.3)
COV 3% 1% 5%
Specimens without Tracers:
AVG 40.83 (5.922) 0.3131 752.7 (109.2)
COV 3% 2% 8%
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Table 4.2: Tensile modulus and strength values for [90◦]12 E-glass/5216-epoxy tape.
Specimen E22, GPa (msi) ν21 S22, MPa (ksi)
C1 10.87 (1.577) 0.08896 21.55 (3.126)
C2 10.48 (1.520) 0.08529 27.08 (3.928)
C3 11.23 (1.629) 0.08559 25.91 (3.758)
C4 11.02 (1.598) 0.08474 29.58 (4.290)
C5 11.25 (1.631) 0.08730 17.92 (2.599)
C6 11.67 (1.693) 0.08839 32.35 (4.692)
C7 10.61 (1.538) 0.08408 20.40 (2.958)
C8 10.93 (1.585) 0.08540 22.31 (3.236)
C9 10.43 (1.513) 0.08949 20.11 (2.917)
C10 10.27 (1.489) 0.08616 23.45 (3.401)
C11 10.78 (1.563) 0.08724 18.27 (2.650)
C12 10.98 (1.592) 0.08804 26.24 (3.806)
C13 11.29 (1.637) 0.08743 26.30 (3.814)
C14 11.08 (1.607) 0.08507 17.81 (2.583)
C15 10.85 (1.573) 0.08677 25.39 (3.683)
C16 11.11 (1.611) 0.08766 30.95 (4.489)
C17 10.73 (1.556) 0.08422 29.12 (4.223)
C18 11.28 (1.637) 0.08388 27.11 (3.932)
C19 10.99 (1.594) 0.08714 29.66 (4.302)
C20 10.39 (1.506) 0.08688 27.20 (3.945)
AVG 10.91 (1.582) 0.08649 24.94 (3.617)
COV 3% 2% 18%
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4.2 V-notched Beam Tests
The V-notched beam tests were performed to verify accuracy of the SBS test proce-
dure. References [8] and [57] give a clear description of the experimental setup and
loading conditions and parameters for the V-notched beam tests. The test fixture
and specimen schematics is shown in Figure 4.3. Analysis of the specimen under load
reveals that a state of uniform shear stress exists in the center of the notched specimen
on the symmetry section (i.e., the cross-section though the notches), although not in
the immediate vicinity of the notch roots [4,8,33]. In addition, the normal stresses are
low everywhere on this section. The average shear stress across the notched section




, A = wt. (4.1)
where P is the applied force, and A is the area of the section between the notches.
The interlaminar shear stress-strain data for the unidirectional E-glass/5216-epoxy
tape composite are presented in this section. The [0◦]90 19 mm (0.75 inches) thick
panel shown in Figure 4.1 was used to machine 20 unidirectional V-notched beam
specimens following the ASTM Standard [8] requirements. The specimens are in the
form of a rectangular flat strip with symmetrically located V-notches.
The DIC tool VIC-3D [1] was used for strain monitoring of the V-notched beam
specimens. A line average shear strain through the symmetry section between the
V-notch roots is used in the shear stress-strain response approximation. Close-to-
uniform shear strain and stress distributions in the symmetry section enable the use
of the average values which minimize the noise effects.
The specimens were statically loaded with 1.0 mm/min (0.05 in./min) head dis-
placement rate to failure. Test data for 10 specimens were discarded due to excessive
twist deformation. Table 4.3 lists specimen thickness t and width w at the notch root;
shear modulus G13; load Fi and shear stress S13i at damage initiation; and ultimate
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failure load Fu and shear stress S13u. The shear stress-strain response for the 10
specimens are shown in Figure 6.20 (on Page 123) for the comparison with the SBS
test results.
The V-notched beam tests were also performed to obtain the nonlinear shear
stress-stain responses of the unidirectional IM7-carbon/8552-carbon tape composite
in the 1-3 and 2-3 material planes. A total of 12 V-notched beam specimens were
tested. The specimen geometry and test data are listed in Table 4.4. The measured
shear stress-strain response for the 12 V-notched beam specimens are plotted in Figure
6.16 (on Page 117), again for the comparison purpose. A total of 6 V-notched beam
specimens were loaded in the 2-3 material plane to failure. The specimen geometry
and test data are listed in Table 4.5. Compared to the specimens loaded in the 1-3
material plane, these 90◦ specimens failed much earlier at small strain regime. As

















d1 = 20.0 mm (0.75 in.)
d2 = 4.0 mm (0.15 in.)
L = 76.0 mm (3.0 in.)
r = 1.3 mm (0.05 in.)
w = 12.0 mm (0.45 in.)
(b)
Figure 4.3: V-notched beam test fixture and specimen schematics.
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Table 4.3: Geometry, stiffness and strength test data for the E-glass/5216-epoxy tape V-notched beam specimens.
Specimen t w G13 Fi Fu S13i S13u
mm (in.) mm (in.) MPa (ksi) N (lbs) N (lbs) MPa (ksi) MPa (ksi)
V1 2.527 13.20 4613 2273 2500 68.17 74.96
(0.0995) (0.5195) (669.1) (511) (562) (9.887) (10.87)
V2 2.502 13.09 4689 2126 2411 64.90 73.60
(0.0985) (0.5155) (680.1) (478) (542) (9.413) (10.67)
V3 2.540 13.14 4312 2286 2469 68.44 73.94
(0.1) (0.5175) (625.3) (514) (555) (9.927) (10.73)
V4 2.464 13.18 3954 2037 2353 62.75 72.45
(0.097) (0.519) (573.5) (458) (529) (9.102) (10.51)
V5 2.502 13.13 4087 2224 2491 67.73 75.82
(0.0985) (0.517) (592.8) (500) (560) (9.824) (11.00)
V6 2.515 13.08 3531 2051 2318 62.29 70.46
(0.099) (0.515) (512.2) (461) (521) (9.034) (10.22)
V7 2.400 13.08 4137 2042 2344 65.00 74.66
(0.0945) (0.515) (600.0) (459) (527) (9.428) (10.83)
V8 2.324 13.14 4220 1953 2237 63.98 73.24
(0.0915) (0.5175) (612.1) (439) (503) (9.279) (10.62)
V9 2.540 12.73 4084 2286 2415 70.77 74.73
(0.1) (0.501) (592.3) (514) (543) (10.264) (10.84)
V10 2.273 13.11 4477 1859 2202 62.37 73.90
(0.0895) (0.516) (649.3) (418) (495) (9.046) (10.72)
AVG 2.459 13.09 4210 2114 2374 65.64 73.78
(0.0968) (0.5153) (610.7) (475) (534) (9.520) (10.70)
COV 3.85% 1.02% 8.06% 7.10% 4.31% 4.51% 2.04%
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Table 4.4: Geometry, stiffness and strength test data for the unidirectional IM7-
carbon/8552-epoxy tape V-notched beam specimens in the 1-3 material
plane.
Specimen t w G13 Fu S13
mm (in.) mm (in.) GPa (msi) N (lbs) MPa (ksi)
V11 2.81 11.65 5.10 2896 88.6
(0.111) (0.459) (0.740) (651) (12.85)
V12 2.84 11.73 5.08 3211 96.2
(0.112) (0.462) (0.736) (722) (13.95)
V13 2.86 11.77 5.08 3038 90.3
(0.113) (0.464) (0.736) (683) (13.10)
V14 2.87 11.71 4.66 3194 95.0
(0.113) (0.461) (0.676) (718) (13.78)
V15 2.83 11.75 4.96 3105 93.3
(0.112) (0.463) (0.720) (698) (13.54)
V16 2.83 11.70 5.21 2873 86.7
(0.112) (0.461) (0.755) (646) (12.58)
V17 2.83 11.66 4.95 3131 94.8
(0.112) (0.459) (0.718) (704) (13.76)
V18 2.82 11.68 5.01 2967 90.1
(0.111) (0.460) (0.726) (667) (13.06)
V19 2.82 11.76 4.91 3216 97.0
(0.111) (0.463) (0.713) (723) (14.07)
V20 2.82 11.68 4.96 2758 83.7
(0.111) (0.460) (0.719) (620) (12.14)
V21 2.82 11.71 4.91 2709 82.1
(0.111) (0.461) (0.713) (609) (11.90)
V22 2.83 11.71 4.92 2704 81.6
(0.112) (0.461) (0.714) (608) (11.83)
AVE 2.83 11.71 4.98 2983 90.0
(0.112) (0.461) (0.722) (671) (13.05)
COV 0.63% 0.33% 2.71% 6.50% 6.12%
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Table 4.5: Geometry, stiffness and strength test data for the unidirectional IM7-
carbon/8552-epoxy tape V-notched beam specimens in the 2-3 material
plane.
Specimen t w G23 Fu S23
mm (in.) mm (in.) GPa (msi) N (lbs) MPa (ksi)
V23 2.82 11.71 2.08 1164 35.3
(0.111) (0.461) (0.425) (262) (5.11)
V24 2.82 11.71 2.11 888 26.9
(0.111) (0.461) (0.430) (200) (3.90)
V25 2.82 11.71 2.07 1027 31.1
(0.111) (0.461) (0.422) (231) (4.51)
V26 2.82 11.71 2.10 1058 32.1
(0.111) (0.461) (0.430) (238) (4.65)
V27 2.82 11.71 2.02 998 30.2
(0.111) (0.461) (0.412) (224) (4.38)
V28 2.82 11.71 2.03 1036 31.4
(0.111) (0.461) (0.415) (233) (4.55)
AVG 2.82 11.71 2.07 1028 31.2
(0.111) (0.461) (0.422) (231) (4.52)








































Figure 4.4: Shear stress-strain response for the IM7-carbon/8552-epoxy tape V-
notched beam tape specimens in the 2-3 material plane.
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4.3 Curved Beam Tests
The curved beam tests [10] were performed to characterize through-the-thickness
tensile properties for the unidirectional IM7-carbon/8552-epoxy prepreg tapes. A







Figure 4.5: Specimen geometry for the 90◦ curved beam test.
As illustrated in Figures 4.5 and 4.6, the curved beam has uniform thickness and
consists of two straight legs connected by a 90◦ bend with a 6.4 mm (0.25 inches)
inner radius [10]. The curved beam is loaded in four-point bending to apply a constant
bending moment across the curved test section. The stress state in the curved region
is complex. Circumferential tensile stress are produced along the inner surface, and
circumferential compressive stresses are produced on the outer surface. The radial
tensile stress ranges from zero at the inner and outer surfaces to a peak in the middle
third of the thickness. Thus, an out-of-plane tensile stress is produced in the curved
region of the specimen to cause the interlaminar tensile failure. The interlaminar
tensile strength is defined as the maximum radial stress at failure [10]. Stresses in
curved region are usually deduced based on two-dimensional analysis using simple
















Figure 4.6: Curved beam in four-point bending.
[19, 21, 36, 51, 54]. Three-dimensional finite element models are used to account for
the restraint on anticlastic bending due to the curvature [61].
The curved beam test is designed to investigate the interlaminar tensile strength.
However, full-field strain measurement techniques enable assessment of through-the-
thickness stress-strain relations. By using the radial stress from closed-form solution
and radial strain from full-field strain survey (e.g., DIC measurements), through-the-
thickness Young’s modulus E3 can be determined.
4.3.1 Closed-Form Stresses
The stress calculation for the curved beam test is given in the ASTM standard [10].
Referring to Figure 4.7, the applied moment M on the curved section of the specimen
is the product of the force exerted by one of the cylindrical loading bars, Pb, and
the distance, l0, between two bars along a leg. From the force equilibrium and the



















+ (D + t) tan(φ) (4.3)
where φ is the angle in degrees of the loading arm from horizontal, dx is the horizontal
distance between the centerlines of two top and bottom adjacent rollers (lb − lt)/2, D
is the diameter of the cylindrical loading bars, and t is the specimen thickness. The















+ (D + t) tan(φ)
)
(4.4)
where w is the width of the specimen.
To calculate φ during loading, the vertical displacement, dy, between the cylin-
drical loading bars is calculated by subtracting the vertical displacement, ∆, of the
loading fixture from the initial value of dy




where the initial angle φi is half the overall angle between the loading arms of the
specimen prior to test, i.e., φi = 45
◦ for a 90◦ curved beam specimen. The vertical
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displacement, ∆, is obtained from the stoke output of the test stand.














All other parameters in the above equation remain fixed during loading.
A two-dimensional elasticity solution was developed by Lekhniskii [37] for stresses
in a curve beam segment by cylindrical anisotropy. The radial stress σr, circumfer-
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σrθ = 0 (4.9)
As illustrated in Figure 4.7, r is the radius of the considered location, ri and ro are




















The moduli in the radial and circumferential directions (Er and Eθ) may be approx-
imated with the moduli of a flat unidirectional laminate in the 90◦ and 0◦ directions
respectively.
The maximum radial stress occurs at the radial distance:
rm =
[
(1 − ρκ−1)(κ + 1)(ρro)κ+1





Using the curved beam strength (CBS) calculated from equation (4.4) in equation
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Lekhniskii’s elasticity solution results in a very complicated expression for the
maximum radial stress σmaxr . For a wide range of geometries and materials, a much







The approximation was developed from the classical (mechanics of materials) beam




The accuracy of this equation decreases as the Eθ/Er ratio increases or the ri/ro
ratio (ρ) decreases. For the ASTM suggested geometry, an Eθ/Er ratio of less than
20 produces an error of less than 2% from the use of equation (4.12) [10].
To verify accuracy of the elasticity solution (4.12) and approximation (4.13) for
the maximum radial stress, two-dimensional finite element analysis was performed
using the commercial finite element code ABAQUS [24]. A typical mesh of the finite
element model is shown in Figure 4.8. Three sources of nonlinearity were considered
in the analysis: geometric nonlinearity, material nonlinearity and contact interaction.
Geometric nonlinearity was included to account for large deflection. The nonlinear
shear stress-strain response was implemented via user material subroutine UMAT
as described in Chapter 2. The loading and supporting cylinders were assumed to
be rigid and modeled with cylindrical rigid surfaces. The surface-to-surface contact
algorithm was implemented to simulate the contact interaction between cylinders and
beam specimen. Second-order plane stress elements with reduced integration (i.e., the
CPS8R elements in ABAQUS) were used. Owing to symmetry, half of the specimen
was modeled. A concentrated load P was assumed to act at the center of the loading
cylinder and the center of the supporting cylinder was fixed.
Figure 4.9 shows the radial stress distribution across the thickness of the symmetry
section. Excellent agreement between the finite element analysis and the elasticity
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solution can be observed. The accuracy of simple calculation (4.13) is also verified.













































Figure 4.9: Radial stress distribution for a unidirectional IM7-carbon/8552-epoxy




A total of 17 curved beam specimens, manufactured to the ASTM standard specifi-
cations [10], were statically loaded with a 0.50 mm/min (0.02 in./min) head displace-
ment rate to failure. The curved beam specimens have a loading leg length of 90
mm (3.5 inches). Five specimens have a width of 25.4 mm (1.0 inches) and the rest
have a width of 12.7 mm (0.5 inches). The specimen dimensions are listed in Table
4.6 for the half-inch-width specimens and Table 4.7 for the one-inch-width specimens
respectively, in which tr is the average thickness of the curved region and ts is the leg
thickness.
The DIC technique was used to obtain the full-field strain measurements. Figure
4.10 shows the texture created on the specimen surface using black and white spray
paints. The interlaminar stress-strain response was linear till failure. Through-the-
thickness Young’s modulus E3 is determined from the initial slope of radial stress-
strain response (σr-ǫr). The obtained values are listed in Tables 4.6 and 4.7 respec-
tively for one-inch-width and half-inch-width specimens. These results are in good
agreement with measurements obtained from the 90◦ SBS specimens machined from
the edges of 90◦ V-notched beam specimens, That is, the SBS specimens were 19.0
mm (0.75 inches) long, 3.81 mm (0.15 inches) thick and 2.79 mm (0.11 inches) wide.
The loading plane is the 2-3 material plane that corresponds to the SBS thickness
direction. The average E3 value based on the SBS test is 9.24 MPa (1.34 msi) with
a COV less than 5%. The ultimate failure loads Fu and the maximum radial stresses
(interlaminar tensile stresses) S33 calculated from the approximation (4.13) are also
listed in the Tables 4.6 for the one-inch-width specimens.
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Figure 4.10: Random texture created using black and while spray paints on IM7-
carbon/8552-epoxy curved beam test specimen surface.
Table 4.6: Geometry, stiffness and strength of the unidirectional IM7-carbon/8552-
epoxy tape curved beam specimens (b ≈ 1.0 inches).
Specimen b tr ts E3 Fu S33
mm (in.) mm (in.) mm (in.) GPa (msi) N (lbs) MPa (ksi)
A1 25.400 6.998 6.414 9.34 3567 67.6
(1.000) (0.2755) (0.2525) (1.354) (802) (9.81)
A2 25.375 6.871 6.579 9.94 3896 75.0
(0.999) (0.2705) (0.2590) (1.442) (876) (10.87)
A3 25.425 6.896 6.598 9.69 5395 97.4
(1.001) (0.2715) (0.2598) (1.405) (1213) (14.13)
A4 25.451 6.972 6.668 9.04 5204 93.6
(1.002) (0.2745) (0.2625) (1.311) (1170) (13.58)
A5 25.476 6.744 6.661 9.69 3959 77.7
(1.003) (0.2655) (0.2623) (1.406) (890) (11.27)
AVE 25.425 6.896 6.584 9.54 4404 82.3
(1.001) (0.2715) (0.2592) (1.384) (990) (11.93)
COV 0.16% 1.45% 1.56% 3.71% 18.93% 15.47%
69
Table 4.7: Geometry, stiffness and strength of the unidirectional IM7-carbon/8552-
epoxy tape curved beam specimens (b ≈ 0.5 inches).
Specimen b tr ts E3
mm (in.) mm (in.) mm (in.) GPa (msi)
A6 12.700 6.985 6.680 9.34
(0.5000) (0.2750) (0.2630) (1.354)
A7 12.687 7.112 6.426 9.73
(0.4995) (0.2800) (0.2530) (1.411)
A8 12.725 7.036 6.464 11.98
(0.5010) (0.2770) (0.2545) (1.738)
A9 12.687 6.960 6.629 8.75
(0.4995) (0.2740) (0.2610) (1.269)
A10 12.675 6.998 6.610 9.42
(0.4990) (0.2755) (0.2603) (1.366)
A11 12.687 7.023 6.674 9.57
(0.4995) (0.2765) (0.2628) (1.387)
A12 12.687 7.010 6.668 9.11
(0.4995) (0.2760) (0.2625) (1.322)
A13 12.675 6.985 6.585 9.00
(0.4990) (0.2750) (0.2593) (1.305)
A14 12.700 7.010 6.629 8.83
(0.5000) (0.2760) (0.2610) (1.280)
A15 12.675 7.049 6.566 8.00
(0.4990) (0.2775) (0.2585) (1.161)
A16 12.700 7.010 6.674 8.68
(0.5000) (0.2760) (0.2628) (1.259)
A17 12.662 6.972 6.579 10.03
(0.4985) (0.2745) (0.2590) (1.455)
AVE 12.688 7.013 6.599 9.37
(0.4995) (0.2761) (0.2598) (1.359)
COV 0.13% 0.58% 1.24% 10.51%
70
CHAPTER V
NUMERICAL PROCEDURE FOR ASSESSMENT OF
NONLINEAR SHEAR PROPERTIES
5.1 Discrepancy of the Closed-Form Approximation
In the assessment of nonlinear shear properties presented in Chapter 3, the stress







Therefore the accuracy of the closed-form approximation is essential in the material
characterization.
A number of stress analyses [22,23,52,59,64,66] have been conducted to assess the
accuracy of the closed-form approximation. It is worth noting that all the previous
studies assume identical elastic behavior in tension and compression. These studies
show that the parabolic shear-stress distribution described by the classical (mechanics
of materials) beam theory only occurs on planes midway between the loading and
support points. Moreover, the maximum shear stress σs predicted by equation (3.9)
is never fully reached and the effect of nonlinear shear response was found to reduce
the maximum shear stress. Also no strain measurements were taken to substantiate
such approximation.
Whitney [59] analyzed the stress distribution of short-beam shear and four-point
shear (FPS) specimens by using a two-dimensional elasticity solution. Force applied
by the cylinders was modelled as a uniform stress distributed over a small length of
the beam. Unidirectional AS1-carbon/3502-epoxy specimens with a L/h ratio of 4
for SBS specimens and 16 for FPS specimens were modeled. Whitney found that
the results of the closed-form approximation are never completely recovered in the
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SBS case, whereas in the FPS case, the shear stress close to the middle between
the loading and support cylinders corresponds to the closed-form approximation.
Another elasticity solution was developed by Sullivan and Van Oene [52] and applied
to a unidirectional glass-reinforced vinyl ester composite with an orthotropy ratio
(E1/E2) of 3.5, and to an isotropic material. The predicted shear stress distribution
through specimen thickness was similar to that reported by Whitney [59].
Finite element models were extensively used for better modeling the boundary
condition and nonlinear material behavior. These models range from simple linear
analysis [15, 50] with simplified loading condition to more computational involved
nonlinear analysis with nonlinear shear stress-strain response, contact interaction and
geometric nonlinearity being taken into account [3, 22, 23,26, 64, 66].
An early model was developed by Berg et al. [15] using a two-dimensional finite
element analysis. The material behavior was assumed elastic-plastic and represented
by a simple bilinear stress-strain relationship. The applied force was assumed to be
uniformly distributed over a small length of the beam. Berg et al. also found that the
actual distribution of shear stress never fully reaches the distribution from classical
beam theory.
Cui and Wisnom [22, 23] conducted a more rigorous study by performing a non-
linear two-dimensional finite element analysis with contact elements. Both linear and
nonlinear shear models were used in their study, and the nonlinear shear response
was assumed trilinear. They found that, if the material is assumed to be linear, a
parabolic assumption for the shear stress distribution is good for large parts of the
beam between the loading nose and supports. The influence of shear nonlinearity
on the shear stress distribution was found to be significant in two-fold. First, taking
account of the real nonlinear shear response of the material significantly reduced the
shear stresses compared to the closed-form approximation. Second, the shear stresses
were much more uniform near the middle of the section than the classical parabolic
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distribution. The value of this uniform stress is about 15% lower than the maximum
value given by equation (3.9).
Two-dimensional and three-dimensional nonlinear finite element models were de-
veloped by Xie and Adams [64, 66] by implementing a simplified contact algorithm
in an in-house finite element code. The nonlinear shear response was approximately
modeled by a plasticity model with isotropic hardening [20, 53, 65]. The span-to-
thickness ratio was varied for 10 to 2 to investigate its effects on stress distributions
in the beam specimen. It was observed that maximum shear stresses at the mid-
thickness of all the specimens were lower than those predicted by equation (3.9),
although the shear stress was still distributed parabolically. The numerical results
revealed that the shear stresses at the mid-thickness decreased with decreasing span-
to-thickness ratios. Thus equation (3.9) overestimates the shear strength for the speci-
men with lower span-to-thickness ratios. In addition, a comparison of two-dimensional
analysis with three-dimensional analysis using five layers of elements in the width di-
rection revealed no significant influence of width. Thus, one-layer model was used in
their three-dimensional analysis.
A correction factor (α) was introduced by Cui and Wisnom [23] to quantitatively
characterize the deficiency of the closed-form approximation, specially in the presence










Note that α depends on shear nonlinearity, material orthotropy and specimen ge-
ometry since these factors affect the closed-form approximation (3.9) as revealed by
previous studies. It is obvious that when the material is nonlinear, the shear stress
will not be proportional to the applied load. Therefore, α is also a function of applied
load [23].
73
5.2 Finite Element Analysis of SBS Specimens
5.2.1 Finite Element Models
To investigate the accuracy of the closed-form approximation (3.9) for the specimen
configurations and the composite material systems used in this work, nonlinear fi-
nite element simulations were performed using the commercial finite element code
ABAQUS [24].
Both two-dimensional and three-dimensional finite element models were used.
Plane stress was assumed in the two-dimensional analysis. The finite element models
involve geometric nonlinearity, material nonlinearity and contact interaction. Geo-
metric nonlinearity was assumed to account for the large deformation in the vicinity
of loading and support cylinders and the large deflection at mid-span. The nonlinear
constitutive model, i.e., equation (2.7), was implemented in the finite element code via
the user material subroutine UMAT as described in Chapter 2. Contact interaction
was included to provide a more realistic approximation of loading transfer from fixture
to beam specimen. The contact interaction between cylinders and beam specimen
was modeled with the surface-to-surface contact algorithm in ABAQUS. The loading
and supporting cylinders were assumed to be rigid and modeled with cylindrical sur-
faces. This assumption is reasonable because the stiffness of the cylinders, which are
made of high stiffness steel, is much higher than the transverse stiffness of composites
under study. Rigorous modeling of friction on contact surfaces is quite difficult as
the friction depends on many factors of the contacting surface. To simplify the finite
element analysis, the effect of friction was ignored and so only compressive forces
can be transmitted across the interface. The finite element models were meshed with
second-order continuum elements with reduced integration (i.e., the CPS8R elements
for the plane stress analysis and the C3D20R elements for the three dimensional anal-
ysis). These elements are able to avoid shear locking in bending and thus are often

















Figure 5.1: A typical finite element mesh of SBS specimen. (a) x-z plane view; (b)
Three-dimensional view.
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A typical finite element mesh is shown in Figure 5.1. Symmetry condition was
applied in the width direction, therefore only half of the specimen was modeled in the
three-dimensional approach. It is noted that, in order to accommodate the deviation
of loading point from the midspan, no symmetry condition is assumed in the span
direction. The finite element discretization in the x-z plane is similar to that used
by Cui and Wisnom [23] in the plane stress analysis. A schematic of refined regions
in mesh discretization is shown in Figure 5.2. The elements were refined along the
longitudinal direction (x) in the areas where the specimen contacts the loading and
support cylinders (L1). Along the thickness direction (z), extremely small mesh size
is employed in the top and bottom regions (T1). In the three-dimensional model,
relatively coarse mesh is used through the width direction (y) to save computational
efforts.
A concentrated load P was applied at the reference point of loading cylinder (upper
cylinder). The referent points of support cylinders (lower cylinders) were fixed so that
no translation or rotation was allowed.
5.2.2 Mesh Convergence Study
Mesh convergence study was conducted to investigate the influence of mesh size on
the stress distribution. Four meshes were used with plane stress elements and two
meshes were used with three-dimensional elements. Table 5.1 summarizes the region
dimensions of the mesh schemes and the number of elements employed in the regions.
Mesh 4 varies from mesh 3 by refining mesh in the thickness direction. The element
thickness is very small and no further refinement in this direction is considered. The
three-dimensional meshes utilize the plane discretization of mesh 2 and the number
of elements in width direction varies from case to case. Relatively coarse mesh was
employed in the width direction for computational efficiency.
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Table 5.1: Mesh schemes used in the mesh convergence study.
Region Length Number of Discretizations
Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
L1 0.05L 8 10 12 12 10 10
L2 0.04L 4 5 8 8 5 5
L3 0.32L 24 40 40 40 40 40
T1 0.08h 3 5 5 7 5 5
T2 0.84h 20 30 30 50 30 30

















Figure 5.2: Schematic of refined regions in mesh discretization.
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Table 5.2: Specimens used in the mesh convergence study.
Specimen Material Geometry Load
h b L P
mm (in.) mm (in.) mm (in.) N (lbs)
S3 S2-glass/E773-epoxy 6.109 6.299 30.0 3501
(0.2405) (0.2480) (1.18) (787)
S16 IM7-carbon/8552-epoxy 3.848 3.086 19.2 1312
(0.1515) (0.1215) (0.76) (295)
S28 E-glass/5216-epoxy 6.007 4.382 25.4 2153
(0.2365) (0.1725) (1.00) (484)
Table 5.3: Mesh convergence of a S2-glass/E773-epoxy tape SBS specimen at 3501 N






mm (in.) MPa (ksi) MPa (ksi)
Closed-Form σa = 335.26 σs = 68.27
(48.6) (9.9)
Mesh 1 -0.610 337.7 65.0
(-0.0240) (48.98) (9.42)
Mesh 2 -0.610 337.8 64.9
(-0.0240) (49.00) (9.42)
Mesh 3 -0.610 337.6 64.9
(-0.0240) (48.97) (9.42)
Mesh 4 -0.610 337.6 64.9
(-0.0240) (48.96) (9.42)
z = 0 y = −b/2 y = 0 y = −b/2 y = 0 y = −b/2
Mesh 5 -0.606 -0.615 339.9 335.0 64.4 65.7
(-0.0238) (-0.0242) (49.29) (48.59) (9.35) (9.53)
Mesh 6 -0.606 -0.615 339.8 335.1 64.5 65.7
(-0.0238) (-0.0242) (49.29) (48.61) (9.35) (9.53)
Three SBS specimens, each corresponds to one of the three composite material
systems under study, were adopted in the mesh convergence study. The specimen
dimensions are listed in Table 5.2. Loading magnitudes used in the finite element
simulations are also listed. The diameter of loading cylinder (R1) is 12.7 mm (0.50
inches) for Specimens S3 and S16 and 9.5 mm (0.375 inches) for Specimen S28. The
diameter of supports (R2) is 3.2 mm (0.125 inches) for all cases.
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Table 5.4: Mesh convergence of an IM7-carbon/8552-epoxy tape SBS specimen at






mm (in.) MPa (ksi) MPa (ksi)
Closed-Form σa = 414.12 σs = 83.00
(60.1) (12.0)
Mesh 1 -0.230 454.0 75.8
(-0.00904) (65.84) (10.99)
Mesh 2 -0.230 453.6 75.8
(-0.00904) (65.78) (10.99)
Mesh 3 -0.230 453.9 75.8
(-0.00904) (65.83) (10.99)
Mesh 4 -0.230 453.8 75.8
(-0.00904) (65.82) (10.99)
y = 0 y = −b/2 y = 0 y = −b/2 y = 0 y = −b/2
Mesh 5 -0.227 -0.230 459.8 443.9 75.4 76.4
(-0.00893) (-0.00905) (66.68) (64.39) (10.93) (11.09)
Mesh 6 -0.227 -0.230 459.7 444.1 75.4 76.4
(-0.00893) (-0.00905) (66.67) (64.41) (10.94) (11.09)
These meshes are analyzed consecutively and the results are summarized in Tables
5.3, 5.4 and 5.5 for Specimens S3, S16, S28, respectively. The maximum vertical dis-
placement wc is used to examine the influence of mesh size on the structural stiffness.
This value is extracted from the node located at the bottom of the midspan section
(x = 0, z = −h/2). The stress distributions across the gage section (i.e., x = L/4
or x = −L/4) is the major concern. The maximum axial stress σmax11 is extracted
from the node located at the bottom of gage section, and σmax13 is the maximum in-
terlaminar shear stress on the gage section. From the tables, it can be seen that
the mesh refining process are well converged for general stiffness analyses. The mesh
size has little influence on the maximum axial and shear stresses of the gage section.
Moreover, the mesh influence in the width direction can be neglected.
Plane stress mesh 2 and three-dimensional mesh 6 will be used in the subsequent
simulations. The three-dimensional model consists of 36,000 elements and the total
number of variables (degrees of freedom plus Lagrange multiplier variables) in the
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Table 5.5: Mesh convergence of an E-glass/5216-epoxy tape SBS specimen at 2153 N






mm (in.) MPa (ksi) MPa (ksi)
Closed-Form σa = 259.58 σs = 60.39
(37.6) (8.9)
Mesh 1 -0.417 265.1 58.1
(-0.0164) (38.45) (8.42)
Mesh 2 -0.417 265.5 58.0
(-0.0164) (38.51) (8.42)
Mesh 3 -0.417 265.3 58.0
(-0.0164) (38.47) (8.42)
Mesh 4 -0.417 265.3 58.0
(-0.0164) (38.47) (8.42)
y = 0 y = −b/2 y = 0 y = −b/2 y = 0 y = −b/2
Mesh 5 -0.414 -0.418 267.2 263.4 57.7 58.4
(-0.0163) (-0.0165) (38.76) (38.20) (8.37) (8.48)
Mesh 6 -0.414 -0.419 267.2 263.5 57.7 58.4
(-0.0163) (-0.0165) (38.75) (38.22) (8.37) (8.48)
model is 513,930. Thus the three-dimensional analysis is computational expensive. It
took about 10 hours CPU time to run a single analysis on a workstation with a 2.33
GHz CPU and 8 GB memory assigned. However, a two-dimensional analysis only
took less than 2 minutes.
5.2.3 Finite Element Stress Analysis
The stress distributions from finite element simulations are plotted through the thick-



















The axial stress distribution is normalized with respect to σa, i.e., the maximum
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where S = bh2/6 is the section modulus of the rectangular cross-sectional area. The
shear stress distribution is normalized with respect to σs, i.e., the maximum shear
stress given by equation (3.9).
Figure 5.3 shows the stress distributions across various sections of the S2-glass
composite specimen (S3) from plane stress analysis. Figure 5.4 shows the shear stress
distributions across the gage section (i.e., x = L/4 or x = −L/4) at various loading
magnitudes for the Specimen S3 and the carbon composite specimen (S16). The
axial and shear stress distributions across the gage section are shown in Figures 5.5,
5.6 and 5.7 for the Specimens S3, S16 and the E-glass composite specimen (S28)
respectively at loads close to failure. To investigate the width-wise stress variation,
in each case, stress distributions from three-dimensional analysis were plotted for the
symmetry edge (y = 0) and the outside edge (y = −b/2) in conjugation with the
plane stress result. The width-wise shear stress variation was further investigated by
varying the specimen width-to-thickness (b/h) ratio. Figure 5.8 shows the shear stress
distributions across the width for Specimen S3. Three aspect ratios were studied, e.g.,
b/h=0.50, 1.03 and 2.00, in which the aspect ratio of 1.03 is the actual configuration.
The specimen S16 was also studied by increasing the width-to-thickness ratio from
0.80 to 2.00, the results are shown in Figure 5.9.
Several observations can be made from Figures 5.3-5.9:
1. The parabolic distribution is acceptable for the gage section midway between
loading nose and support points. However, for sections close to loading or sup-
port cylinders (e.g., sections A and C in Figure 5.3), this assumption is invalid
due to the local stress concentration effects. The shear stress distributions can
be seen to be skewed, with peak stresses occurring near the loading nose and
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support points.
2. The maximum shear stresses of all the specimens are lower than that predicted
by the closed-form approximation (3.9). Moreover, the discrepancy is found to
be material dependent. Much larger discrepancy can be observed in the carbon
composite specimen (S16).
3. As indicated in Figure 5.5, the discrepancy is also a function of load. Further-
more, the discrepancy increases dramatically at the final stage of loading.
4. The axial stress distributed linearly across the gage section for the glass com-
posite specimens (S3 and S28). Minor deviation can be observed in the carbon
composite specimen (S16), where the stress distribution remains linearly across
major portion of the thickness and becomes skewed toward the bottom edge.
5. The widthwise shear stress variation is small in all cases. This observation is
consistent with the numerical results in Reference [66]. In addition, as one can
expect, through-the-thickness distribution from plane stress analysis is between
the distribution on the symmetry edge (y = 0) and the distribution on the











































Figure 5.3: Through thickness stress distributions across several sections for a S2-
glass/E773-epoxy tape SBS specimen at load 3501 N (787 lbs) 95% failure





























































Figure 5.4: Through thickness stress distributions at several load levels. (a)
S2-glass/E773-epoxy tape SBS specimen (Specimen S3); (b) IM7-
























3D FEM (y = 0)



























Figure 5.5: Through thickness stress distributions for a S2-glass/E773-epoxy tape
SBS specimen at load 3501 N (787 lbs) 95% failure load in the 1-3 material























3D FEM (y = 0)



























Figure 5.6: Through thickness stress distributions for an IM7-carbon/8552-epoxy
tape SBS specimen at load 1312 N (295 lbs) 82% failure load in the
























3D FEM (y = 0)



























Figure 5.7: Through thickness stress distributions for an E-glass/5216-epoxy tape
SBS specimen at load 2153 N (484 lbs) 92% failure load in the 1-3 material





















3D FEM (b/h = 0.50)
3D FEM (b/h = 1.03)
3D FEM (b/h = 2.00)
Figure 5.8: Through width shear stress distribution for a S2-glass/E773-epoxy SBS




















3D FEM (b/h = 0.80)
3D FEM (b/h = 1.00)
3D FEM (b/h = 2.00)
Figure 5.9: Through width shear stress distribution for an IM7-carbon/8552-epoxy
SBS specimen with various width-to-thickness ratios (Specimen S16).
88
5.3 Iterative Procedure for Stress Updating
The inadequacy of classical beam theory in describing the stress state in the SBS
specimen, observed in a number of studies and indicated in the ASTM Standard D
2344 [11], was again demonstrated in the stress analyses presented in the previous
section. The nonlinear shear properties obtained in Chapter 3 were based on the
closed-form approximation (3.9). As a result, the discrepancy may induce additional
experimental error in the material characterization and in most cases may lead to
overestimated shear modulus. Therefore more accurate stress analysis is needed to
minimize the induced error. Either elasticity analysis [52,59] or finite element analysis
can be used. However, finite element analysis is preferred due to its flexibilities to
incorporate nonlinear constitutive model and realistic contact condition.
An iterative procedure is developed to characterize the shear properties using the
stress state obtained from finite element analysis. The flow chart of the iterative pro-
cedure is shown in Figure 5.7. The first step of the iterative procedure is to assess the
shear properties using the test method developed in Chapter 3. The shear properties
obtained by closed-form based stress are used as initial approximation and imple-
mented in the first finite element simulation. The maximum shear stress (σmaxxz )FE on
gage section (i.e., x = L/4 or x = −L/4) is extracted from finite element simulation
and compared with the closed-form approximation σs calculated from equation (3.9).
If the difference is within a tolerance, the accuracy of closed-from approximation is
verified and no update on the shear properties is needed. Otherwise, the FE-based
stresses are used in conjugation with strain data from DIC measurement to obtain
new shear properties. The material properties are then updated in the finite element
model and a new simulation is performed. Again, maximum shear stress on gage sec-
tion is extracted and shear properties are updated. The iterative procedure continues
until the amount of update is within a tolerance.
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It is noted that the number of iterations dependent on the variation of the max-
imum shear stress (σmaxxz )FE in consecutive simulations. The modification of shear
properties affects the contact interaction and consequently the local stress concen-
tration. Thus, the stress state in the nonlinear analysis is material dependent. The
update on material properties may change the maximum shear stress on the gage
section due to the effects of stress concentration. However, as will be demonstrated
in next chapter, the maximum shear stress converges rapidly and thus only a few
simulations are needed in the iterative procedure.
The load increments in a finite element simulation might not exactly follow the
load readings in a test. Nevertheless, the load readings can be converted to FE-based
stresses according to equation (5.1) as long as the correction factor α is characterized
by finite element simulation as a function of incremental load. An interpolation
procedure is described in the following.
At each iteration, the maximum shear stress (σmaxxz )FE on the gage section is ex-
tracted from finite element analysis at every load increment PFE. The discrepancy

















































is applied to fit the relationship between the discrepancy (αFE) and load per unit
width (PFE/b) using a least squares procedure. Therefore, the FE-based stress for
each load reading P can be calculated from equation (5.1) using equation (5.5) or
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It is worth noting that the interpolation procedure is not needed if the load read-
ings are defined as the load steps in solution control of a finite element simulation.
It is also noted that some approaches in the finite element model updating tech-
nique used in structural dynamics also utilize an iterative procedure with consecutive
finite element simulations. The finite element model updating technique has emerged
in the 1990s to predict the dynamic characteristics of engineering structures and is
still an active research area [42]. Due to inaccuracy in the model and imprecision
and lack of information in measurements, the finite element simulations often give
dynamic responses that differ from the measured results and therefore need to be
updated to match the measured data. In the model updating, some of the param-
eters (e.g., material properties) are adjusted to reduce a penalty function based on
residuals between a measurement set and corresponding model predictions. Typi-
cal measurements include modal parameters (natural frequencies and mode shapes)
and the frequency response function [27]. An optimization procedure can be used to


















Figure 5.10: Flow chart of the iterative procedure for material properties assessment.
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CHAPTER VI
NUMERICAL RESULTS FOR UPDATED SHEAR
PROPERTIES
6.1 S2-Glass/E773-Epoxy SBS Specimens
6.1.1 Specimens Loaded in 1-3 Material Plane
The iterative procedure was applied to update the shear properties for the unidi-
rectional S2-glass/E773-epoxy tape composite. Numerical results for the specimens
loaded in the 1-3 material plane are summarized in Table 6.1. The initial values, that
is, the properties used in the first finite element simulation of the iterative procedure,
were obtained using closed-form based stresses as described in Chapter 3. These prop-
erties are listed in Table 3.2 (on Page 33) and repeated here for comparison purpose.
The iterative procedure converged rapidly and only four iterations were used for each
specimen.
Two important observations are made from Table 6.1. First, the update on linear
shear stiffness G13 is negligible due to the small discrepancy of the closed-form solution
in small strain region (e.g., γ13 < 5000µǫ). As illustrated in Figure 5.4(a), for the
S2-glass composite specimen (S3), the closed-form approximation is indeed very close
to the finite element prediction at lower load level. Second, the iterative procedure
does not significantly exaggerate the experimental scatter. The values of coefficient of
variance for the updated values are consistent with their counterparts for the initial
values.
To demonstrate the iterative procedure, detailed numerical results for the Spec-
imen S3 are presented. Table 6.2 summarizes the iterative results for the nonlinear
shear properties. The third-order polynomial (5.5) was used to fit the coefficient
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factor using the finite element results and the iterative values are listed in Table 6.3.
The iterative procedure for the correction factor (α) is plotted in Figure 6.1(a) as
a function of load per unit width (P/b), and the iterative procedure for the nonlinear
shear stress-strain response is shown in Figure 6.1(b). It can be clearly observed from
both figures that the iterative procedure converges rapidly and a major update occurs
at the first iteration.
Table 6.1: Updated shear properties for the unidirectional S2-glass/E773-epoxy tape
SBS specimens in the 1-3 material plane.
Specimen Initial Values Updated Values
G13 K13 n13 G13 K13 n13
GPa (msi) MPa (ksi) GPa (msi) MPa (ksi)
S1 4.23 194 0.223 4.23 167 0.210
(0.614) (28.1) (0.613) (24.2)
S2 4.11 191 0.219 4.04 159 0.200
(0.596) (27.6) (0.587) (23.1)
S3 4.09 192 0.218 4.09 169 0.211
(0.594) (27.9) (0.593) (24.6)
S4 4.23 186 0.212 4.17 165 0.202
(0.613) (27.0) (0.605) (23.9)
S5 4.15 192 0.222 4.11 170 0.213
(0.602) (27.8) (0.596) (24.6)
AVE 4.16 191 0.219 4.13 166 0.207
(0.604) (27.7) (0.599) (24.1)
COV 1.56% 1.47% 1.93% 1.72% 2.58% 2.69%
Table 6.2: Iterative results of shear properties for a S2-glass/E773-epoxy tape SBS
specimen in the 1-3 material plane (Specimen S3).
Initial Iteration Iteration Iteration Iteration
Values 1 2 3 4
G13 4.09 4.09 4.09 4.09 4.09
GPa (msi) (0.594) (0.593) (0.593) (0.593) (0.593)
K13 192 177 172 170 169
MPa (ksi) (27.9) (25.7) (24.9) (24.6) (24.6)
n13 0.218 0.216 0.213 0.211 0.211
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Table 6.3: Iterative results of correction factor coefficients for a S2-glass/E773-epoxy
tape SBS specimen in the 1-3 material plane (Specimen S3).
Iteration Iteration Iteration Iteration
1 2 3 4
A4, (in./lbs)
4 2.75774E-13 4.94725E-13 5.56226E-13 5.73527E-13
(mm/N)4 (2.59396E-16) (4.65344E-16) (5.23192E-16) (5.39466E-16)
A3, (in./lbs)
3 -5.21083E-10 -7.91278E-10 -8.82590E-10 -9.11322E-10
(mm/N)3 (-2.79875E-12) (-4.24998E-12) (-4.74042E-12) (-4.89474E-12)
A2, (in./lbs)
2 1.01644E-07 1.57790E-07 1.84962E-07 1.94770E-07
(mm/N)2 (3.11735E-09) (4.83933E-09) (5.67266E-09) (5.97348E-09)
A1, (in./lbs) -6.77270E-06 -1.11658E-05 -1.34805E-05 -1.43605E-05
(mm/N) (-1.18608E-06) (-1.95543E-06) (-2.36080E-06) (-2.51491E-06)
A0 9.86989E-01 9.87022E-01 9.87040E-01 9.87056E-01
Figure 6.2 shows the iterative results for the interlaminar shear strain from finite
element simulations, the DIC measurements on the left gage section (x = −L/4)
and the right gage section (x = L/4) are also shown for comparison. The strain
distribution from the first finite element simulation is significantly deviated from the
DIC data. However, after the first correction on shear properties, the strain distri-
butions from consequent finite element simulations agree well with the DIC data.
Thus good agreement on shear strain comparison can be achieved even only a single
iteration is used. Figure 6.2(b) shows the iterative results for the shear stress dis-
tributions through the thickness and the closed-from approximation (3.14) is plotted
as a baseline. Again, significant modification occurs only at the first iteration and
the variations of stress distributions from consequent finite element simulations are
negligible. This explains why the numerical procedure may converge. The iterative
procedure is essentially controlled by the stress updating in consecutive finite element
simulations.
Figures 6.3(a) and 6.3(b) show shear stress-strain response generated using closed-
form and FE-based solution on the left gage section and the right gage section for all
five SBS specimens tested. It is worth mentioning that the initial and updated shear
95
properties listed in Table 6.1 were indeed obtained by fitting these shear stress-strain
relations using a least squares approximation.
Figure 6.4 shows the comparisons of DIC measurements with finite element results
for the axial strain (ǫ11), transverse strain (ǫ33), and shear strain (γ13) on the beam
surface (y = −b/2). It is noted in the figure that the compressive stress concentration
are reasonably well localized in the bending, confirmed by experimental and numerical
results. It is seen that the overall agreement is excellent between the finite element
results and DIC data. Locally in the stress concentration regions, some differences
between the finite element results and DIC data are evident, and the finite element
models predicted larger deformation than the DIC measurements. This is attributed
mainly to the inadequacies of the nonlinear shear model in very large strain regime
(e.g., γ13 > 5%). The cylinders/specimen contact uncertainties also account for these
departures.
Figure 6.5(a) shows the comparison of DIC measurements with finite element
results for the axial strain across the gage sections. The axial strain distributions are
linearly distributed through the thickness and excellent agreement is clearly indicated.
The comparison for shear strain distributions are shown in Figure 6.5(b). The shear
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Figure 6.1: Iterative results for a S2-glass/E773-epoxy tape SBS specimen in the 1-3
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Figure 6.2: Iterative results of through thickness shear stress and strain distributions
for a S2-glass/E773-epoxy tape SBS specimen at 3501 N (787 lbs) 95%
























































































Figure 6.3: Shear stress-strain response for the S2-glass/E773-epoxy tape SBS speci-












Figure 6.4: Measurement (DIC) and FEM data for surface strain components for a
unidirectional S2-glass/E773-epoxy tape SBS specimen at 3501 N (787






















DIC (x = L/4)




















Figure 6.5: Through thickness strain distributions for a S2-glass/E773-epoxy tape
SBS specimen at load 3501 N (787 lbs) 95% failure load in the 1-3 material
plane (Specimen S3). (a) Axial strain; (b) Shear strain.
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6.1.2 Specimens Loaded in 1-2 and 2-3 Material Planes
The five SBS specimens loaded in the 1-2 material plane were applied by the iterative
procedure to update the shear properties listed in Table 3.4 (on Page 36). The
numerical results are summarized in Table 6.4.
The iterative results for the Specimen S7 are presented for demonstration purpose.
Table 6.5 lists the shear properties updated by the FE-based stresses at each iteration.
Figures 6.6(a) and 6.6(b) show the iterative results for the correction factor and the
shear stress-strain response respectively. Compared to Figures 6.2(a) and 6.2(b), one
can conclude that the iterative procedure follows the the same trend as that in the
1-3 material plane case.
Figures 6.7(a) and 6.7(b) show the updated shear stress-strain response together
with the closed-from based response on the left gage section and the right gage section
for the five SBS specimens. As shown in Figure 6.8, the finite element predictions for
surface components using the updated shear properties are again in good agreement
with the experimental results away from the cylinders. The axial and shear distri-
butions through the gage sections are plotted in Figure 6.9. Similar to Figure 6.5,
the close agreement between finite element results and DIC measurements is clearly
noticed.
As indicated in Table 3.5 (on Page 39), the five specimens loaded in the 2-3
material plane failed early in small strain regime (e.g., γ23 < 3000µǫ). Therefore only
linear shear modulus G23 was obtained. As an example of typical results obtained,
comparisons of finite element results with DIC measurements for the Specimen S14
were made. The results are shown in Figure 6.10 for surface strain contours and in
Figure 6.11 for the strain distributions across the gage sections. It is also seen in
these figures that overall there is very good agreement between finite element results
and DIC measurements.
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Table 6.4: Updated shear properties for the unidirectional S2-glass/E773-epoxy tape
SBS specimens in the 1-2 material plane.
Specimen Initial Values Updated Values
G12 K12 n12 G12 K13 n13
GPa (msi) MPa (ksi) GPa (msi) MPa (ksi)
S6 4.07 204 0.230 4.02 178 0.219
(0.590) (29.6) (0.583) (25.8)
S7 4.36 218 0.247 4.39 186 0.235
(0.633) (31.6) (0.636) (27.0)
S8 4.14 216 0.239 4.15 196 0.237
(0.600) (31.3) (0.602) (28.5)
S9 4.33 223 0.250 4.27 186 0.229
(0.629) (32.3) (0.619) (26.9)
S10 4.35 196 0.221 4.34 169 0.209
(0.631) (28.5) (0.630) (24.6)
AVE 4.25 211 0.237 4.23 183 0.226
(0.617) (30.7) (0.614) (26.6)
COV 3.22% 5.13% 5.01% 3.50% 5.50% 5.23%
Table 6.5: Iterative results of shear properties a S2-glass/E773-epoxy tape SBS spec-
imen in the 1-2 material plane (Specimen S7).
Initial Iteration Iteration Iteration Iteration
Values 1 2 3 4
G12 4.36 4.39 4.39 4.39 4.39
GPa (msi) (0.633) (0.636) (0.636) (0.636) (0.636)
K12 218 193 189 187 186
MPa (ksi) (31.6) (27.9) (27.4) (27.1) (27.0)
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Figure 6.6: Iterative results for a S2-glass/E773-epoxy tape SBS specimen in the 1-2
























































































Figure 6.7: Shear stress-strain response for the S2-glass/E773-epoxy tape SBS spec-
imens in the 1-2 material plane. (a) Left section (x = −L/4); (b) Right











Figure 6.8: Measurement (DIC) and FEM data for surface strain components for a
S2-glass/E773-epoxy tape SBS specimen at 3532 N (794 lbs) 90% failure
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Figure 6.9: Through thickness strain distributions for a S2-glass/E773-epoxy tape
SBS specimen at load 3532 N (794 lbs) 90% failure load in the 1-2 material











Figure 6.10: Measurement (DIC) and FEM data for surface strain components for
a 90◦ S2-glass/E773-epoxy tape SBS specimen at 458 N (103 lbs) 95%
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Figure 6.11: Through thickness strain distributions for a 90◦ S2-glass/E773-epoxy
tape SBS specimen at load 458 N (103 lbs) 95% failure load in the 2-3
material plane (Specimen S14). (a) Axial strain; (b) Shear strain.
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6.2 IM7-Carbon/8552-Epoxy SBS Specimens
The iterative procedure was applied to obtain the updated shear properties for the five
IM7-carbon/8552-epoxy SBS specimens loaded in the 1-3 material plane. The shear
properties summarized in Table 3.8 (on Page 42) were used as initial values in the
iterative procedure and the updated properties are presented in Table 6.6. Compared
to the results for S2-glass specimens in Tables 6.1 and 6.3, more corrections on the
nonlinear parameters (K13 and n13) were made due to the large discrepancy of the
closed-form approximation (3.9) for the carbon composite specimens. Moreover, slight
update on the linear shear stiffness G13 was made to account for the discrepancy in
small strain region (e.g., γ13 < 5000µǫ). As a consequence, convergence is slower
than the S2-glass case. Five iterations were used in the iterative procedure for each
specimen. The fourth-order polynomial (5.6) was applied to fit the correction factor
using finite element results.
Detailed numerical results for the Specimen S16 are presented. Table 6.7 sum-
marizes the iterative results of the nonlinear shear properties. Figures 6.12(a) and
6.12(b) show the iterative results for the correction factor and the shear stress-strain
relation respectively. In addition to a major update at the first iteration, minor cor-
rection can be noticed at the second iteration. Nevertheless, the overall procedure
follows the the same trend as that in the S2-glass case.
Figures 6.13(a) and 6.13(b) show the updated shear stress-strain responses to-
gether with the closed-from based responses on the left gage section and the right
gage section for all the five SBS specimens. The shear stress-strain relations were fit-
ted using a least squares approximation to obtain the initial and updated properties
in Table 6.6.
Three-dimensional finite element simulation was conducted using the updated
shear properties. The finite element predictions for surface components on beam
surface are shown in Figure 6.14 and the strain profiles through the thickness are
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shown in Figure 6.15. Good agreement has been achieved between the finite element
results and the DIC measurements.
To validate the iterative procedure, the SBS tests are compared with the V-
notched beam tests presented in Section 4.3 (on Page 53). Figure 6.16(a) shows the
comparison of the V-notched beam shear stress-strain response from all the twelve
specimens with the SBS shear stress-strain response generated using the closed-form
based stress. Significant deviation can be observed. The SBS shear stress-strain re-
sponse generated using the FE-based stress are shown in Figure 6.16(b). Excellent
agreement is clearly noticed.
111
Table 6.6: Updated shear properties for the unidirectional IM7-carbon/8552-epoxy
tape SBS specimens in the 1-3 material plane.
Specimen Initial Values Updated Values
G13 K13 n13 G13 K13 n13
GPa (msi) MPa (ksi) GPa (msi) MPa (ksi)
S16 5.34 250 0.205 5.11 191 0.189
(0.774) (36.2) (0.741) (27.7)
S17 5.34 233 0.191 5.25 183 0.185
(0.774) (33.8) (0.762) (26.6)
S18 5.51 260 0.215 5.40 188 0.190
(0.799) (37.7) (0.783) (27.3)
S19 5.41 289 0.236 5.38 213 0.218
(0.785) (42.0) (0.780) (30.9)
S20 5.47 258 0.212 5.40 208 0.198
(0.794) (37.5) (0.783) (30.2)
AVE 5.41 258 0.212 5.31 197 0.196
(0.785) (37.4) (0.770) (28.5)
COV 1.44% 7.94% 7.70% 2.38% 6.67% 6.78%
Table 6.7: Iterative results of shear properties for an IM7-carbon/8552-epoxy tape
SBS specimen in the 1-3 material plane (Specimen S16).
Initial Iteration Iteration Iteration Iteration Iteration
Values 1 2 3 4 5
G13 5.34 5.13 5.11 5.11 5.11 5.11
GPa (msi) (0.774) (0.744) (0.741) (0.741) (0.741) (0.741)
K13 250 225 202 195 192 191
MPa (ksi) (36.2) (32.6) (29.4) (28.3) (27.9) (27.7)
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Figure 6.12: Iterative results for an IM7-carbon/8552-epoxy tape SBS specimen in






























































































Figure 6.13: Shear stress-strain response for the IM7-carbon/8552-epoxy tape SBS
specimens in the 1-3 material plane. (a) Left section (x = −L/4); (b)











Figure 6.14: Measurement (DIC) and FEM data for surface strain components for
an IM7-carbon/8552-epoxy tape SBS specimen at 1312 N (295 lbs) 82%






















DIC (x = L/4)




















Figure 6.15: Through thickness strain distributions for an IM7-carbon/8552-epoxy
tape SBS specimen at load 1312 N (295 lbs) 82% failure load in the 1-3












































































Figure 6.16: Shear stress-strain response for IM7-carbon/8552-epoxy tape SBS spec-
imens in 1-3 material plane and V-notched beam specimens. (a) SBS
shear response generated using closed-form based stress; (b) SBS shear
response generated using FE-based stress.
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6.3 E-Glass/5216-Epoxy SBS Specimens
The updated shear properties for E-glass/5216-epoxy can be obtained following the
same manner as previous studies. The numerical results are tabulated below.
Table 6.8: Updated shear properties for the unidirectional E-glass/5216-epoxy tape
SBS specimens in the 1-3 material plane.
Specimen Initial Values Updated Values
G13 K13 n13 G13 K13 n13
GPa (msi) MPa (ksi) GPa (msi) MPa (ksi)
S26 4.51 128 0.147 4.46 97 0.112
(0.654) (18.5) (0.646) (14.1)
S27 4.16 128 0.147 4.10 100 0.116
(0.603) (18.6) (0.594) (14.5)
S28 4.10 130 0.152 4.03 99 0.119
(0.595) (18.8) (0.585) (14.4)
S29 4.04 137 0.168 3.97 100 0.125
(0.585) (19.9) (0.576) (14.5)
S30 4.29 124 0.142 4.23 97 0.111
(0.622) (18.0) (0.614) (14.1)
AVE 4.22 130 0.151 4.16 99 0.117
(0.612) (18.8) (0.603) (14.3)
COV 4.43% 3.74% 6.59% 4.65% 1.34% 4.83%
For demonstration purpose, the numerical results for the Specimen S28 are pre-
sented in details. Table 6.9 summarizes the iterative results for nonlinear shear prop-
erties at each iteration.
Figures 6.17(a) and 6.17(b) show the iterative results for the correction factor
and the shear stress-strain relation respectively. Compared to the iterative results
for S2-glass composite specimens shown Figures 6.2(a) and 6.2(b), similar trends in
convergence can be observed.
The strain results from three-dimensional finite element simulation using the up-
dated shear properties are compared with the DIC data. Figure 6.18 shows the
comparisons for the axial strain (ǫ11), transverse strain (ǫ33), and shear strain (γ13)
118
Table 6.9: Iterative results of shear properties for an E-glass/5216-epoxy tape SBS
specimen in the 1-3 material plane (Specimen S28).
Initial Iteration Iteration Iteration Iteration Iteration
Values 1 2 3 4 5
G13 4.10 4.04 4.03 4.03 4.03 4.03
GPa (msi) (0.595) (0.586) (0.585) (0.585) (0.585) (0.585)
K13 130 116 108 104 97 99
MPa (ksi) (18.8) (16.8) (15.6) (15.1) (14.1) (14.4)
n13 0.205 0.215 0.199 0.193 0.190 0.189
on the beam surface (y = −b/2). Similar to previous examples, the overall agreement
is excellent between the finite element results and the DIC data away from supports.
Figure 6.19(a) shows the comparison for the axial strain across the left gage section
(x = −L/2). The axial strain distribution from DIC measurements agree well with
the finite element solution in the center portion of the section, however, deviation
from the linear distribution are observed in the region close to the top and bottom
edges. The comparison for shear strain distributions are shown in Figure 6.19(b).
Satisfactory agreement has obtained between the finite element results and the DIC
data. However, deviation from the parabolic distribution were observed in the top
and bottom ends.
V-notched beam tests were conducted to verify accuracy of the shear properties
for the unidirectional E-glass/5216-epoxy prepreg tape. The experimental procedure
are presented in Section 4.3 (on Page 55). Figure 6.20 shows that the V-notched
beam shear stress-strain response is similar to SBS stress-strain response generated
using the FE-based shear stress approximation. Thus, consistency between SBS test
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Figure 6.17: Convergence study for an E-glass/5216-epoxy tape SBS specimen in the











Figure 6.18: Measurement (DIC) and FEM data for surface strain components for an
E-glass/5216-epoxy tape SBS specimen at 2153 N (484 lbs) 92% failure










































Figure 6.19: Through thickness strain distributions for an E-glass/5216-epoxy tape
SBS specimen at load 2153 N (484 lbs) 92% failure load in the 1-3




































Figure 6.20: Interlaminar shear stress-strain response for unidirectional E-glass/5216-
epoxy tape SBS specimens and V-notched beam specimens.
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6.4 Laminated SBS Specimens
To further validate the accuracy of updated shear properties for the unidirectional
S2-glass/E773-epoxy prepreg tape, two laminated SBS beams were machined from a
24-ply laminated panel with a [0◦4/(±45◦)4]s layup. The specimens were subjected to
three-point bending and loaded in the 1-3 material plane to failure. The specimen
dimensions and ultimate failure loads are tabulated below.
Table 6.10: Dimensions and ultimate failure load for the S2-glass/E773-glass lami-
nated beam specimens.
Specimen L b h Fu
mm (in.) mm (in.) mm (in.) N (lbs)
L1 25.4 4.5085 5.4102 2415
(1.00) (0.1775) (0.2130) (543)
L2 25.4 4.4958 5.4864 2281
(1.00) (0.1770) (0.2160) (513)
A three-dimensional nonlinear finite element model was developed to study the
axial and shear responses across the gage sections. To reduce the size of the problem
and obtain results in realistic CPU time, symmetry conditions were implemented in
both span and width directions. Therefore, only a quarter of the specimen was mod-
eled. The second-order elements with reduced integration (i.e., the C3D20R elements
in ABAQUS) were used in the model. The finite element mesh is illustrated in Figure
6.21. The mesh is similar to the one used by the homogeneous SBS specimens, except
that uniform mesh seeds are employed in the thickness direction. To keep the mod-
eling difficulties low, the model that was developed uses only two elements per ply
through the thickness. Therefore, a total of five nodes were employed in a layer. The
complete model consists of 20,364 elements and a total of 281,205 variables (degrees
of freedoms plus Lagrange multiplier variables) were used in the nonlinear analysis.
The material properties obtained from unidirectional tapes were used in the finite
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element model. The numerical results were extracted through the thickness of the
gage section (x = L/4). The axial and interlaminar shear distributions are presented
for Specimen L1.
A closed-form solution is presented in Appendix B for the bending analysis of
laminated beam subjected to three-point bending. The derivation is based the clas-
sical beam theory and the classical lamination theory. Since the unidirectional S2-
glass/E773-epoxy prepreg tape only exhibits slight difference in tensile and compres-
sive Young’s moduli, the closed-form solution is also applied here to study through-
the-thickness axial and shear responses.
The axial stress distributions σx from finite element simulation and the closed-
form solution for laminated beam are plotted through the gage section in Figure
6.22(a). The closed-form solution for homogeneous beam, i.e., equation (B.24), is
also plotted as a baseline. The stresses displayed in this figure are normalized by
the maximum stress σa from the homogeneous beam solution (B.24). Severe stacking
sequence effects on σx are clearly evident in the figure. The agreement between finite
element simulation and the closed-form solution for laminated beam is satisfactory.
The interlaminar shear stress distributions σxz from finite element simulation and
the closed-form solution for laminated beam are shown in Figure 6.22(b). Again, the
distribution of the closed-form solution for homogeneous beam (3.14) is plotted as a
baseline. Good agreement between the finite element simulation and the closed-form
solution for laminated beam is clearly observed. Consistent with the comparison of
axial stress distributions, minor deviation occurs in the angle plies below the middle-
surface.
The DIC technique was applied to obtain the full-field strain measurements for the
laminated SBS specimens. The results were compared with finite element simulation
and the closed-form solution for laminated beam. The axial strain and interlaminar
shear strain distributions are plotted through-the-thickness in Figure 6.23(a) and
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Figure 6.23(b) respectively. Excellent agreement is clearly indicated in the Figure
6.23(a) for the axial distributions. The strain distributions remain linearly through
the thickness. As shown in Figure 6.23(b), good agreement has been achieved in the
center portion of the thickness for the shear strain distributions.
Although not presented herein, similar observations were made from the L2 spec-
imen. The good correlation between strain measurements and finite element results
indicates that the material properties obtained from the unidirectional tapes can be
used with confidence in the engineering practice. It is also noted that, due to the rel-
atively coarse mesh in the width and thickness directions, no interlaminar singularity
was observed in the finite element simulation. Furthermore, stress discontinuity may




Figure 6.21: Finite element mesh of the laminated SBS specimens. (a) Three-














































Figure 6.22: Through thickness stress distributions for a laminated S2-glass/E773-
epoxy SBS specimen at 1690 N (380 lbs) 70% failure load (Specimen














































Figure 6.23: Through thickness strain distributions for a laminated S2-glass/E773-
epoxy SBS specimen at 1690 N (380 lbs) 70% failure load (Specimen
L1). (a) Axial strain; (b) Shear strain.
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6.5 Specimens with Wavy Plies
Ply (or fiber) waviness is a major issue for thick composite applications [25]. Ply
waviness has been demonstrated experimentally, numerically and analytically to sig-
nificantly reduce the structural performance [6, 7]. Experimental studies also shown
the ply waviness can significantly reduce fatigue life and change failure behavior [7,43].
The importance of shear material nonlinearity in wavy ply analysis has also been rec-
ognized. In addition, interlaminar shear has been identified as at least one dominate
failure mechanism associated with ply waviness [6, 43].
6.5.1 Unidirectional E-Glass/5216-Epoxy Tape Wrinkle Specimens
The updated shear properties for unidirectional E-glass/5216-epoxy tape were im-
plemented in finite element analysis to study the interlaminar shear stress-strain
responses of unidirectional wrinkle specimens.
Figure 6.25 shows the procedure for wrinkle specimen development from the uni-
directional E-glass/5216-epoxy tape. The wrinkle specimens were made by laying up
and curing E-glass/5216-epoxy prepreg tape over “speed bump”. As illustrated in the
figure, two wrinkle laminates along with a straight laminate are combined and cast
in EA9396 resin in order to bond the laminates together and to fill the space under
the wrinkles. The tension specimens are made by wafering 1.90 mm (0.075 inches)
thick slices from the edge of the laminate.
Following the ASTM standard test method for tensile properties [9], the wrinkle
specimens were statically loaded to failure in the transverse (1-3) material direction.
Interlaminar shear failure was observed.
As shown in Figure 6.27, a two-dimensional finite element model was built to
perform stress analysis for a wrinkle specimen. The specimen thickness is 1.88 mm
(0.074 inches); width is 34.95 mm (1.376 inches); and gage (untabbed) length is
152.4 mm (6.0 inches). Plane stress is assumed since the specimen thickness is much
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smaller than other dimensions. The model has a total of 8,081 second-order plane
stress elements (i.e., CPS8R elements) and a total of 49,273 degrees of freedom. The
updated shear properties listed in Table 6.8 were implemented in the model. The
specimen is loaded in tension in the length direction. The contour plots for three
strain components (i.e., ǫ11, ǫ33 and γ13) are shown in Figure 6.26 in conjugation
with the DIC data. Figure 6.27 shows the comparison of DIC and FEM data for
shear strain component (γ13) at various load magnitudes. Good agreement between
finite element results and DIC data can be observed, especially for the shear strain
component, which is particularly important for the shear failure mode.
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55 ply layup






Figure 6.24: E-glass/5216-epoxy wrinkle specimen development.
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Figure 6.26: Measurement and FEM data for surface strain components for a unidi-









Figure 6.27: Measurement and FEM data for surface shear strain component for a
unidirectional E-glass/8552-epoxy wrinkle specimen at various load mag-
nitudes.
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6.5.2 Laminated IM7-Carbon/8552-Epoxy Tape Wrinkle Specimens
A 88-ply [(±453/02)3/(±454/02)/(±454/04/±454)/(02/±454)/(02/±453)3]T IM7/8552
carbon/epoxy tape laminate with wavy plies was used in Reference [41] to study the
interlaminar failure predictions. Finite element models were developed to implement
the nonlinear shear stress-strain relations [41]. In this work, the updated shear prop-
erties obtained in Table 6.6 were applied in these finite element models to study the
interlaminar shear responses. In particular, the finite element-based shear strain data
were correlated with the DIC measurements for verification purpose.
Three 3.56 mm (0.14 inches) wide tensile specimens (W1, W2 and W3) were
machined from a single 16.26 mm (0.64 inches) thick panel. The specimen thickness
(laminate thickness) is 16.26 mm (0.64 inches); width is 3.56 mm (0.14 inches); length
is 152.4 mm (6 inches) and gage (untabbed) length is 74.9 mm (2.95 inches). Figure
6.28 shows the wavy (wrinkle) regions in the specimens.
Three wrinkle specimens W1, W2, and W3 were statically loaded to failure. The
DIC technique was used to monitor surface strains. Table 6.11 lists the cross-section
dimensions. Delaminations for all specimens occur at the largest wrinkle between
[±45]4 and [0]4 ply-groups as expected and the failure loads are also listed in the
same table.
Table 6.11: Cross-Section dimensions and failure loads for wrinkle specimens.
Specimen Width Thickness Failure Loads
mm (in.) mm (in.) N (lbs)
W1 16.289 3.160 18801 to 18895
(0.6413) (0.1244) (4227 to 4248)
W2 16.256 3.203 15764 to 15790
(0.6400) (0.1261) (3544 to 3550)
W3 16.261 3.208 18223 to 18241
(0.6402) (0.1263) (4097 to 4101)
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Specimen W1 Specimen W2 Specimen W3
Figure 6.28: IM7-carbon/8552-epoxy tape wrinkle specimens.
Plane stress finite element models were built for the W1, W2, and W3 wrinkle
specimens in ABAQUS software. The wavy-ply geometry for the finite element models
was generated using digital images of the specimens. Series of points along the ply-
group interfaces were imported into ABAQUS CAE and splinelines were used for
interpolation. Figure 6.29 shows a typical finite element mesh for the W2 wrinkle
specimen, where the 0◦ plies are shown in green color and the ±45◦ plies are shown in
red. Extremely fine mesh is required to capture the complicated waviness geometry.
Therefore, the problem was analyzed with plane stress elements to reduce the model
size. The four-node plane stress elements with reduced integration (i.e., CPS4R
elements in ABAQUS) were used. The model consists of about 100,000 elements and
200,000 degrees of freedom. The ±45◦ ply-groups are represented in the plane-stress
finite element model through effective plane-stress stiffness properties in the wavy-ply
local axial and transverse coordinates. A coordinate transformation for 3D stiffness
tensor components [38] is used to obtain the linear stiffness constants for the ±45◦
plies.
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Figure 6.30 shows the DIC measurements and finite element results for the inter-
laminar shear strain (γ13). For comparison purpose, the finite element results using
initial shear properties are also shown. The predictions and measurements are in
agreement. The DIC data are somewhat between the finite element results using
initial shear properties and the finite element results using updated shear properties.







































Figure 6.30: Measurement and FEM data for surface shear strain component for the
laminated IM7-carbon/8552-epoxy wrinkle specimens.
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CHAPTER VII
CONCLUSIONS AND FUTURE WORK
A method to improve the accuracy of stress-strain constitutive relation for composites
is developed in this work. This method is based on short beam specimens subjected to
three-point bend load, and the digital image correlation full-field surface deformation
measurement technique. The finite element analysis is applied to obtain the stress
values in the material characterization.
0◦ and 90◦ short-beam shear specimens can be machined from a single unidirec-
tional panel and loaded in various principal material planes. Tensile and compressive
moduli, Poisson’s ratios, and shear stress-strain curves in the plane of loading are
measured in one short beam experiment. The complete set of three-dimensional ma-
terial properties can be generated. The concept is demonstrated on the unidirectional
S2-glass/E773-epoxy, IM7-carbon/8552-epoxy and E-glass/5216-epoxy tape material
systems.
Linear axial strain distributions through the specimen thickness were observed
in measurements and verified by nonlinear finite element simulations. Such obser-
vation allows for simple closed-form approximations of the tensile and compressive
moduli as well as shear stresses. A small difference between tensile and compressive
modulus values for the glass/epoxy composite prompted another demonstration for
IM7-carbon/8552-epoxy tape composite with a known lower compressive modulus
compared to the tensile modulus in the fiber direction.
The nonlinear finite element simulations revealed the errors in the closed-form
approximation (3.9) in material characterization. In particular, the discrepancy for
the IM7-carbon composite specimens are more significant than the glass composite
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specimens. An iterative procedure was developed in this work to obtain accurate
stress state using finite element analysis. The shear properties obtained from the
closed-form based stresses were used as an initial approximation in the finite element
model. Consecutive finite element simulations were performed in an iterative manner
in which the shear properties were updated iteratively using the FE-based stresses
obtained at each iteration. The iterative procedure converges rapidly and only a few
iterations are needed. Moreover, convergence has been achieved for all the twenty
specimens under study. The accuracy of the numerical procedure is verified by com-
paring the finite element strain results with full-field measurements. The procedure
is further verified using the V-notched beam test results. Excellent agreement has
been achieved in the verification.
The nonlinear constitutive model was implemented in the finite element code via
a user material subroutine. Moreover, the classical laminate theory can be modified
in a incremental manner to account for the shear nonlinearity. The procedure was
extended to the bending analysis of laminated beam subjected to three-point bending.
It is noted that, although only the Ramberg-Osgood equation was considered in
this work, the implementation of shear nonlinearity can be easily extended to other
nonlinear elasticity models, e.g., the third-order polynomial model [30].
The nonlinear shear properties obtained from the unidirectional prepreg tapes
were used to study the axial and interlaminar shear responses of laminated beam
specimens under three-point bending. Nonlinear finite element analysis was applied
to perform detailed numerical study. The strain measurements are in good agreement
with the results obtained from nonlinear finite element simulation, which again verifies
the accuracy of the material characterization.
This method demonstrates a combination of full-field strain measurement and
nonlinear finite element stress analysis in material characterization. Simplicity of the
short-beam specimens and accuracy of the stress solution make the present method
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attractive for measurement of three-dimensional stress-strain relations for anisotropic
materials at various load rates.
Several recommendations for future work are given below.
The shear responses in the 2-3 material plane were obtained using 90◦ SBS speci-
mens loaded in the corresponding material plane. However, in this work the specimens
failed early in small strain regime. Thus, the nonlinear shear behavior exhibiting in
relative large strain regime was not measured. An important task in future study is
to design a test method to characterize the full shear stress-strain response in the 2-3
material plane.
A challenge in composite material shear tests is that the results from different
test methods are oftentimes inconsistent. This work has demonstrated that good
consistency can be achieved between the SBS test and V-notched beam test. Further
experimental work is needed to examine the consistency of the SBS test with other
popular test methods, for example, the [±45◦]ns tensile test.
The Ramberg-Osgood equation was used in this work as a mathematical simplifi-
cation of the shear response under monotonic loading. No assumption of permanent
deformation upon unloading is made. However, this mathematical representation
may include damage and viscoplasticity effects. A damage model is therefore re-
quired for general loading conditions. Loading-unloading response under quasi-static
and fatigue loading conditions must be characterized.
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APPENDIX A
IMPLEMENTATION OF NONLINEAR CONSTITUTIVE
LAWS IN CLASSICAL LAMINATION THEORY
This appendix presents an example to implement the nonlinear shear model in the
closed-form solutions of laminated composites. The classical laminate theory can
be utilized in an incremental manner to account for the nonlinear behavior in a
lamina. Typical approaches are based explicit formulations by assuming piecewise
nonlinear behavior in the incremental loading procedure [14, 45]. Most equations in
the following derivation are the incremental forms of their counterparts in the classical




























Figure A.1: In-plane forces and moments on a flat laminate.
The incremental procedure is based on a force-controlled scheme in which the
applied force is divided into multiple increments. A stress component (σ
(k)
ij )n in the
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kth layer at the end of the current increment n is updated by the sum of the stress
component (σ
(k)







































































































According to equation (2.12), the strain increments are related to the stress in-



















































































































is calculated based on the shear stress at the beginning of
the current increment.






























































































and the incremental stress-strain relations in the x − y coordinates are obtained by














































































































































































































































































































































































































The current strain increments are the summation of middle-surface strain incre-






































































The resultant forces and moments acting on a laminate are obtained by integration
of stresses in each layer through the laminate thickness. The entire collection of force
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and moment resultants for a N -layered laminate is illustrated in Figure A.1. The



























































































































































































































































































where zk is the directed distance to the outer surface of the kth layer and zk−1 is the
directed distance to the inner surface of the kth layer.
The increments of in-plane forces per unit length {∆Nx, ∆Ny, ∆Nxy}n is obtained




























































Similarly, the increments of moment per unit length {∆Mx, ∆My, ∆Mxy}n is obtained


























































































































































































































































































































































ues so that they can be removed from within the summation signs. Equations (A.17)































































































































































































































where the extensional stiffnesses (Aij)n, bending-extension coupling stiffnesses (Bij)n














































, i, j = 1, 2, 6
(A.21)
It should be note that the stiffnesses given above are the tangential stiffnesses at the
end of current increment n.








in equation (2.14) is linearized at the beginning of the current
increment. Caution should be exercised to prevent deviation from the nonlinear shear
model. Figure A.2(a) shows the obtained shear stress-strain response for a [±45◦]s
symmetric angle-ply laminate consisting of 0.25-mm thick unidirectional glass/epoxy
laminae. The material properties are listed in the numerical test in Chapter 2 (on
Page 19). The laminate is subjected to unform extension in the x-direction. Thus, the
individual layers exhibit pure shear responses in the principal material coordinates.
An extensional force (Nx = 3870 N) is applied. The solution procedure is divided into
50 increments with a fixed load increment (∆Nx = 77.4 N). As one can observe from
Figure A.2(a), numerical error induced by the stiffness linearization is accumulated
and becomes significant as load increases. Reducing increment size by using more
increments may reduce the numerical error. However, a more efficient approach is to
adjust increment size automatically to minimize the induced error. In this approach,



















The solution is converged if error 6 tol and the incremental procedure continues.
Otherwise, the solution procedure abandons the increment and starts again with the
increment size set to 50% of its previous value. It then attempts to find a converged
solution with this smaller time increment. If the solution still fails to converge, the
solution procedure reduces the increment size again. This process is continued until
a solution is found for current load step. The solution procedure automatically in-
creases the increment size by 25% if two consecutive increments converged without
cutting back, which indicates that the solution is being found fairly easily. A control
parameter is set to abandon the solution procedure if the increment is too small.
Figure A.2(b) shows the solution procedure with adjustable increment size. A total
of 96 increments were used. The obtained shear stress-strain response is in excellent













































































Figure A.2: Shear stress-strain response in principal material coordinates for a sym-
metric angle-ply laminate [±45◦]s subjected to uniform axial stress. (a)
Fixed increment size; (b) Adjustable increment size.
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APPENDIX B
INCREMENTAL FORM FOR BENDING ANALYSIS OF
LAMINATED BEAM WITH SHEAR NONLINEARITY
As presented in Appendix A, the nonlinear shear model is implemented in the clas-
sical lamination theory via an incremental approach. The mathematical simplicity
of Ramberg-Osgood equation (2.3) also allows the implementation of nonlinear shear
model in the closed-form solutions for bending analysis of laminated beam. Closed-
form solution for symmetric laminated beam can be derived by considering a beam
as a special cases of a laminated plate. The derivation based on classical beam theory
can be found in early publications and textbooks [44,47,58,60]. Following the similar
manner presented in Appendix A, the theory can be extended to the bending anal-
ysis of laminated beam with shear nonlinearity. Again, most of the equations in the

















Figure B.1: Geometry of a laminated beam under three-point bending.




























































































































































where D∗ij are the elements of the inverse matrix of [Dij].
It is assumed that My = Mxy = 0, thus we have
(∆My)n = (∆Mxy)n = 0 (B.3)
at any increment n. The increment index n is dropped in the following derivation for
notation simplicity.










Under static loading in the absence of body forces, the equilibrium equations of






























− ∆Qy = 0 (B.11)
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+ ∆q = 0 (B.12)




+ ∆q = 0 (B.13)
Applying the assumption ∆Mxy = 0 in equation (B.10) and multiplying the result






∆Q = b∆Qx (B.15)
For symmetric laminates under pure bending the strain at the end of the current






































































































































Substituting equation (B.2) into equation (B.17) and multiplying the results by b, we










































































































































For homogeneous beams f
(k)




3 = 0. Equation (B.18) reduced to the





which has the same form as equation (5.2), while equations (B.19) and (B.20) vanish.
The interlaminar shear stress increment ∆σxz can be determined by substituting


































































The integral in equation (B.27) assures continuity of the transverse shear stress at






































For the beam under three-point bending, we have Q = −P/2. The above equation
reduces to the closed-form solution for homogeneous SBS specimens, i.e, equation
(3.14).
It is noted that since the axial and interlaminar shear responses are the major
concern, no additional kinematic assumption is made in the above derivation. Nev-
ertheless, the incremental approach can also be applied to various shear deformation
beam theories for better prediction of deflection [47].
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